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ABSTRACT 


The  principal  goal  of  USAF  Contract  F33615-70-C-1820  Is  to  develop  a  seml- 
automated  system  for  computing  the  radar  cross  section  (RCS)  of  aerospace  vehicles 
over  the  t  -equency  range  of  500-20,000  MHZ.  Such  a  system  requires  the  use  of 
efficient  techniques  for  calculating  the  high-frequency  scattering  from  bodies  with 
edges  such  as  wings  and  ducts. 

In  calculating  the  scattering  from  three-dimensional  bodies  with  edgei?. 

It  Is  frequently  meaningful  and  useful  to  consider  the  scattering  iiisoelated  with 
an  Incremental  length  of  the  edge  and  to  describe  this  scattering  In  terms  of  on 
Incremental  Length  Edge  Diffraction  Coefficient  (ILEDC).  In  this  report  the  theory 
of  the  ILEDC  Is  developed,  taking  Into  account  the  actual  distribution  of  surface 
current  near  the  edge.  The  theory  Is  Illustrated  by  applying  It  to  the  problem  of 
scattering  from  a  perfectly  conducting  polygonal  plate.  The  Incremental  Length 
Diffraction  Coefficient  (ILDC),  which  Is  the  generalization  of  the  ILEDC  for  linear 
scattering  features  other  than  edges,  Is  also  treated.  It  Is  shown  that  two- 
dimensional  diffraction  coefficients,  such  as  those  used  by  Keller  and  Dilmtsev*, 
can  be  considered  as  special  cases  of  ILDC's. 
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I.  INTRODUCTION  AND  OVERVIEW 


In  dealing  with  high-frequency  scoUerlng  from  thtee-dlmenslonal  bodies 
with  edges,  It  Is  often  meaningful  and  useful  to  treat  the  edges  as  diffracting 
elements.  The  diffraction  from  an  Incremental  length  of  tho  edge  can  then  be 
related  tc  the  Incident  field  by  moans  of  a  dyadic  quantity  *  which  we  shall  call  the 
Incremental  Length  Edge  Diffraction  Coefficient  (ILEDC). 

CXir  principal  objective  In  this  report  Is  to  evaluate  the  ILEDC  which 
describes  the  so-called  'fringe  wave"  scattering  from  a  perfect  conductor  and  to 
show  how  this  ILEDC  Is  applied.  We  treat  the  ILEDC  as  a  special  case  of  a  more 
general  dyadic  quantity  which  we  call  the  Incremental  Length  Diffraction  Coefficient 
(ILDC).  The  ILDC  is  defined  not  just  for  an  edge  but  for  any  line  diffraction 
feature,  for  example,  a  wire  or  a  rounded  edge. 

Before  considering  the  ILDC,  we  first  develop  many  of  the  concepts  of 
diffraction  coefficient  theory  and  much  of  the  nomenclature  In  a  simpler  context, 
that  of  scatterine  from  an  Infinitely  long  cylinder.  We  describe  scattering  from 
such  a  cylinder  -  either  the  total  scattering  or  some  physically  meaningful 
contribution  to  the  scattered  field  -  In  terms  of  a  dyadic  quantity  which  we  call  the 
Two-Dimensional  Diffraction  Coefficient  (2-D  DC).  The  2-D  DC  provides  a  simple 
and  compact  w'ay  of  expressing  the  well-known  edge  diffraction  results  of  Uflmtsev 
(Reference  1)  and  Keller  (Reference  3). 

The  ILDC,  which  Is  defined  for  all  directions  of  Incidence  and  scattering. 

Is  shosvn  to  be  a  generalization  cf  the  2-D  DC,  which  Is  defined  only  for  certain 
combinations  of  Incident  direction  and  scattering  direction.  Wherever  the  2-D  DC 
Is  defined.  It  Is  equal  to  the  corresponding  ILDC.  The  fringe  wave  ILEDC  Is 
the  generalization  of  th(  Uflmtsev  2-D  DC  and  will  thus  be  referred  to  as  the 
Uflmtsev  ILEDC. 

The  material  on  the  2-D  DC  Is  given  In  Section  II  and  Is  backed  up  by  a 
thorough  discussion  In  the  Appendix  of  scattering  from  an  Infinite  cylinder. 

The  Uflmtsev  2-D  DC  Is  treated  In  Section  2.2.4  with  special  cases  given  In  2.2.5 
and  2.2.6. _ 

*For  those  who  are  not  familiar  with  the  term,  a  dyadic  ^  Is  a  quantity  which 
effects  a  linear  transformation  of  a  vector  B  Into  a  vector  C.  We  write  the  trans¬ 
formation  In  the  form  C  =  A  *  B. 
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The  ILDC  Is  studied  In  Section  3. 1  and  the  results  are  then  specialized  In 
Section  3.2  to  obtain  the  Uflmtsev  ILEDC  for  an  edge  with  wedge  angle  less  than  180* 
(so  that  there  are  no  Internal  reflections)  on  a  perfect  conductor.  Special  results 
for  the  knife  edge  case  and  for  backscatter  are  Included  In  Section  3.2.  Section  FV 
Illustrates  the  use  of  the  ILEDC  In  solving  realistic  scattering  problems. 

♦  #  ♦ 


The  sample  problem  which  we  consider  In  Section  IV  Is  high-frequency 
scattering,  both  monostatic  and  blstatlc,  from  a  flat  perfectly  conducting  plate 
with  a  polygonal  boundary  when  both  source  and  observer  are  In  the  far-fleld 
region.  This  Is  an  appropriate  choice  because  our  Investigations  of  Uflmtsev's 
approach,  the  Physical  Theory  of  Diffraction  (PTD),  and  our  development  of  the 
Uflmtsev  ILEDC  were  originally  motivated  by  our  observation  that  the  more 
commonly-used  Geometrical  Theory  of  Diffraction  (GTD)  was  not  adequate  for 
rectangular  and  trapezoidal  plate  problems.  (See  Reference  2,  Section  2.2. ). 

We  assume  In  Section  TV  that  edge  interactions  can  be  neglected  and  that  we 
can  also  neglect  the  effect  of  distortions  of  the  surface  current  near  the  corners  of 
the  plate. 

Under  these  assumptions,  the  Physical  Theory  of  Diffraction  describes  the 
total  scattering  from  the  plate  as  the  sum  of  two  contributions,  one  due  to  the 
physical  optics  surface  current  on  the  plate  and  the  other  due  to  the  fringe  wave 
surface  current  concentrated  near  the  edges  of  the  plate.  To  find  the  fringe  wave 
current  associated  with  a  straight  segment  of  the  edge,  we  assume  that  the  segment 
is  part  of  the  edge  of  an  Infinite  half-plane  and  we  take  the  difference 
between  the  total  surface  current  and  the  physical  optics  surface  current  for  the 
half-plane  problem.  It  Is  readily  seen  that  the  fringe  wave  current  associated 
with  every  Incremental  length  of  a  straight  edge  Is  the  same  except  for  phase. 

The  fringe  wave  diffraction  from  a  straight  segment  of  length  L  Is  thus 
described  by  the  product  of  the  Uflmtsev  ILEDC  d^  with  an  appropriate  L  ^ 
factor  obtained  by  Integrating  phase  along  the  edge,  and  the  total  fringe 
wave  scattering  Is  the  sum  of  analogous  contributions  from  all  the  straight 
edges.  By  decomposing  each  sin X  term  as  the  sum  of  two  exponentials,  we 
can  obtain  an  equivalent  representation  In  terms  of  contributions  from  the  corners. 
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The  physical  optics  contribution  to  the  scattering  from  the  plate  has  been 
calculated  In  Section  V  of  Reference  11  and  the  most  Important  results  are  repeated 
here  In  Sec*:lon  4. 1.  Just  as  with  the  fringe  wave  diffraction,  the  physical  optics 
scattering  can  be  represented  either  In  terms  of  edge  contributions  Involving 
the  product  of  an  ^LEDC  with  a  factor  or  In  terms  of  corner  contributions, 

Ihe  total  scattering  can  then  also  be  expressed  In  terms  of  edge  or  corner 
contributions  which  are  the  sum  of  the  corresponding  fringe  wave  and  physical 
optics  contributions. 

Solutions  calculated  by  this  approach  are  compared  with  experimental 
results  In  Section  4. 2  and  It  Is  confirmed  that  the  approach  Is  accurate  over  a 
wide  range  of  conditions. 


*  * 


* 


It  Is  Important  to  note  that  the  Uflmtsev  ILEDC  used  here  Is  calculated 
by  a  method  which  takes  Into  account  the  manner  In  which  the  fringe  wave  current  Is 
distributed  near  the  edge.  TTils  Is  one  of  the  reasons  why  the  material  developed 
here  has  a  broader  range  of  applicability  than  the  Ryan-Peters  theory  of  Reference  10, 
In  which  the  total  edge  diffraction  Is  assumed  to  originate  from  a  filamentary  edge 
current  with  a  value  which  Is  a  function  of  the  azimuth  of  scattering.  (The  Ryan- 
Peters  theory,  on  the  other  hand,  has  a  broader  range  of  applicability  than  standard 
GTD. ) 

«  4>  4> 

The  material  In  Section  IV  Is  an  example  of  how  a  problem  Is  solved  within  the 
framework  of  Uflmtsev's  PTD.  The  basic  Idea  of  PTD  Is  to  treat  the  scattered 
field  as  a  function  of  the  surface  current  Induced  on  the  scattering  body.  This 
surface  current  Is  In  turn  a  function  of  the  Incident  field,  and  thus  we  have 
linked  the  Incident  field  to  the  scattered  field  by  way  of  the  surface  currents.  In 
many  problems  the  linkage  can  be  described  In  terms  of  diffraction  coefficients 
obtained  from  canonical  problems  -  as  has  been  done  for  the  polygonal  plate  problem  - 
and  It  Is  not  necessary  In  these  problems  to  work  directly  with  surface  currents. 

TTius,  even  thou^  PTD  Is  based  on  surface  current  considerations,  the  surface 
currents  may  only  enter  a  problem  Implicitly. 
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The  usefulness  of  the  ILEDC  Is  not  restricted  to  simple  situations  like 
that  of  5?ectlon  I\'  In  which  the  scattered  field  can  be  adequately  approximated  as  the 
sum  of  a  physical  optics  contribution  plus  a  fringe  wave  contribution.  The  ILEDC 
can  still  be  used  to  calculate  the  fringe  wave  contributions  In  more  sorliistlcated 
versions  of  PTD  which  also  take  Into  account  contributions  due  to  phenomena  such 
as  corner  currents,  creeping  waves,  and  multiple  reflection  or  diffraction. 

And  the  more  general  ILDC  can  be  used  similarly  for  bodies  with  line  diffraction 
features  other  than  sharp  edges. 

For  many  problems,  PTD  leads  to  a  solution  which  Is  simple  In  form  and 
which,  like  the  corner  diffraction  representation  of  the  polygonal  plate  solution, 
has  a  physical  interpretation  In  terms  of  rays  emanating  from  discrete  points  on 
the  scattering  body.  For  bodies  with  edges,  a  necessary  though  not  sufficient 
condition  for  the  existence  of  such  a  scattering  center  Interpretation  Is  that  the 
physical  optics  scattering  can  be  represented  wholly  or  In  part  as  an  edge  diffraction 
phenomenon  and  that  the  edge  diffraction  can  be  described  by  a  physical  optics 
ILEDC,  As  examples,  the  physical  optics  scattering  from  any  flat  perfectly  con¬ 
ducting  plate  can  be  expressed  exactly  by  the  Integral  of  an  ILEDC  around  the 
edge  (See  Section  5,4  of  Reference  11. ),  and  the  physical  optics  scattering  from 
some  doubly  curved  surfaces  with  edges  can  be  approximated  accurately  as  the 
sum  of  a  specular  point  contribution  and  the  Integral  of  an  ILEDC  around  the 
edge  (Reference  12. )  For  both  tjpes  of  problem,  the  edge  Integral  can  In  many 

cases  be  evaluated  In  terms  of  contributions  from  discrete  points,  but  this  Is  not 
always  so. 

♦  ♦  * 

We  shall  concentrate  In  this  report  on  ILDC's  which  arise  out  of  the 
solution  of  two-dimensional  canonical  problems,  that  Is,  which  represent  scattering 
from  an  Incremental  length  of  an  Infinite  cylinder.  Since  most  physical  optics 
diffraction  coefficients  are  not  associated  with  any  two-dimensional  problem, 
they  are  thus  outside  the  pale  of  this  report.  We  note,  however,  that  efficient 
techniques  for  the  evaluation  of  physical  optics  Integrals  are  crucial  to  the 
development  of  PTD  as  a  practical  tool  for  the  treatment  of  realistic  scattering 
problems  and,  indeed,  much  of  the  advantage  of  PTD  over  GTDlles  In  the  ability 
to  treat  physical  optics  diffraction  phenomena  which  have  no  two-dimensional 
counterpart.  References  11  and  12  give  various  examples  of  physical  optics 
calculations. 

♦  ♦  ♦ 
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I  "I  bill  III  I 


A  good  understanding  of  the  2-D  DC  makes  It  much  easier  to  understand  the 
ILDC  and  the  ILEDC.  For  this  reason,  wo  consider  the  2-D  DC  In  detail  In 
Section  II,  developing  the  general  theory  In  Section  2. 1,  and  then  discussing  the 
Keller  (GTD)  coefficient  and  the  Uflmtsev  coefficient  In  Section  2.2.  This  study 
Is  backed  up  by  a  thorough  treatment  In  the  Appendix  of  scattering  from  an 
Infinitely  long  cylinder.  The  Appendix  Includes  not  only  the  material  we  need 
for  Section  11  but  additional  material  for  use  in  extending  the  diffraction  coefficient 
concept  to  situations  In  which  source  or  observer  or  both  are  at  finite  distance 
from  the  scattering  body. 


In  Sections  1.3.3  and  2.1.2,  we  show  that  the  far-fleld  scattering  due  to 
a  plane  wave  Incident  on  an  Infinitely  long  cylinder  can  be  Interpreted  In  terms 
of  raye  emanating  from  the  cylinder  axis  and  that  all  scattered  rays  form  the 
same  angle  with  the  cylinder  axis.  Thus  the  rays  emanating  from  a  point  P  on 
the  axis  all  lie  on  a  circular  cone  with  apex  at  P.  The  ang^e  which  the  scattered 
rays  make  with  the  axis  Is  found  to  be  the  same  as  the  angle  which  the  Incident 
wave  makes  with  the  axle  so  that,  In  the  nomenclature  of  Figures  1  and  2,  we 
have  /3  =  /3,  for  all  scattered  rays. 

The  2-D  DC  which  describes  this  scattering  process  (both  magnitude  and 
polarization  changes)  has  the  form  of  a  four-element  dyadic  which  transforms 
the  Incident  polarization  vector  into  a  vector  normal  to  the  direction  of 
scattering.  If  we  consider  the  geometry  and  composition  of  the  cylinder  to  be 
fixed,  the  2-D  DC  Is  a  function  of  the  wave  number  k,  the  direction  of  Incidence,  and 
the  direction  of  scattering.  But  the  latter  two  quantities  are  not  Independent  because 
of  the  requlrem.ent  that  the  Incident  wave  and  the  scattered  rays  form  the  same 
angle  with  the  axis.  For  a  given  direction  of  Incidence,  the  2-D  DC  is  defined  only 
for  those  ilrectlons  of  scattering  which  satisfy  this  criterion.  As  to  the  wave 
number  dependence,  we  use  a  normalization  In  which  both  the  Uflmtsev  and  Keller 
diffraction  coefficients  for  a  perfectly  conducting  edge  are  Independent  of  k. 

For  Incidence  normal  to  the  axis,  =  o,  the  2-D  DC  can  be  expressed  In  a 
form  In  which  only  two  of  the  four  dyadic  elements  are  non-zero.  For  perfect  con¬ 
ductor  problems  with  any  value  of  we  can  obtain  a  form  with  only  two  non-zero 
elcmants  if  the  diffraction  coefficient  represents  the  scattering  due  to  the  total  surface 
current  on  the  cylinder  (as  In  the  case  of  the  Keller  edge  diffraction  coefficient). 

We  may,  however,  need  a  third  non-zero  element  If  the  coefficient  represents  the 
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scattering  due  to  some  contribution  to  the  total  currenti  existence  of  such  an  element 
means  that  the  diffraction  coefficient  by  Itself  does  not  satisfy  the  requirements  of 
reciprocity. 

It  turns  out  that  the  complete  form  of  the  Uflmt^e''  2-D  t>C  Indeed  has  the 
third  non -zero  element  allowed  by  theory  for  /  0.  Xjflmteev  did  not  consider 
this  element  in  Reference  1,  but  Us  omission  does  not  a^^eot  his  results  for  two- 
dimensional  problems  -  because  he  considered  only  problems  'Arhlch  can  be  reduced 
to  equivalent  problems  with  /3j  -  0  (See  Section  1.3.2)  nor  does  U  affect  his  single 
diffraction  results  for  backscatter  from  bodies  with  cUr'^ed  edges  -  because  these 
results  Involve  only  the  value  of  the  diffraction  coefficient  for  =3,  '  0. 


*  % 


There  are  many  three-dimensional  problems  'Vhlch  can  be  solved 
satisfactorily  using  a  2-D  DC.  It  is  Important  to  unu^r^taod  both  why  this  can  be 
done  for  some  problems  and  why  It  cannot  be  done  for  others. 

Under  appropriate  circumstances,  the  far-fleld  diffraction  from  an  edge  C 
which  is  Illuminated  by  a  plane  wave  can  be  Interpreted  In  terms  of  rays 
emanating  from  each  point  on  the  edge,  with  all  the  fq/s  w^hlch  emanate  from  a 
given  point  P  forming  a  cone  with  apex  at  P.  Under  th^Se  same  conditions,  there 
will  be  only  a  finite  number  of  rays  scattered  in  a  give^  direction,  each  such  ray 
originating  at  a  different  point  on  the  edge.  Thus  wc  ®ay  that  all  the  scattering  In 
that  direction  originates  from  these  points. 

The  geometry  for  an  Incremental  length  of  C.  which  Is  the  same  as  the 
geometry  of  an  Incremental  length  of  an  Infinite  wed%e«  l@  shown  In  Figure  3. 

The  cone  of  scattering  angles  at  the  point  P  Is  found  by  identifying  the  tangent 
vector  to  C  at  P  with  the  axial  vector  ^  along  the  ed%e  the  wedge  and  by 
then  applying  the  condition  /3  =0,.  The  wedge  anSlb  2  «  at  P  Is  the  angle 
formed  by  the  tangent  planes  at  P  to  the  two  surfaces  which  meet  along  C.  It  can 
be  shown  that  the  amplitude  of  the  field  on  a  ray  In  ths  c^arved  edge  problem  is  closely 
related  to  the  amplitude  of  the  field  on  the  correspohdln^  ray  In  the  Infinite  wedge 
problem;  It  Is  only  necessary  to  Introduce  a  scalar  factor  which  accounts  for  the 
spreading  out  of  energy  due  to  the  curvature  of  C, 
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altered 


Thus  the  result  of  the  Infinite  wedge  problem,  that  Is  to  say,  the  Two- 
Dimensional  Diffraction  Coefficient,  can  be  used  to  solve  the  curved  edge  problem. 
Indeed,  for  backscatter  we  need  only  the  2-D  DC  for  Incidence  normal  to  the  axis, 

=  0  ,  because  the  scattering  appears  to  emanate  from  those  points  at 
which  the  tangent  to  C  is  normal  to  the  direction  of  incidence  and  scattering.  As 
already  noted,  the  2-D  DC  for  this  special  case  has  only  two  non-zero  elements. 

The  conditions  under  which  these  observations  are  valid  are  that  the 
edge  C  be  smooth  and  of  sufficiently  high  curvature  (but  not  so  high  that  the 
radius  of  curvature  Is  of  the  order  of  the  wavelength)  and  furthermore  that  the 
direction  of  scattering  is  sufficiently  far  removed  from  any  caustic  directions 
of  the  far-field  scattering.  (In  physical  terms,  we  have  a  caustic  direction 
when  the  rays  diffracted  in  this  direction  from  some  portion  of  the  edge  C  are 
parallel  to  first  order,  so  that  the  rays  do  not  appear  to  '^•e  spreading  out  in  the 
far  field  region  and  giving  the  characteristic  1/R  field  behavior  for  large 
distances  R  from  the  edge.  The  simplest  examples  are  the  backscatter  and  for¬ 
ward  scatter  directions  for  normal  incidence  on  a  flat  plate. ) 


♦ 

When  the  tangent  to  C  has  discontinuities  in  direction  (corners),  when 
segments  of  C  are  straight  or  almost  straight,  when  the  direction  of  scattering  is 
a  caustic  direction  or  close  to  a  caustic  direction,  then  the  scattering  can  no 
longer  be  described  in  terms  of  rays  which  obey  the  rules  of  two-dimensional 
scattering.  If  a  ray  description  of  the  scattering  process  is  still  possible,  it 
will  involve  ray  phenomena  which  have  no  two-dimensional  counterpart,  for  example, 
rays  scattered  in  all  directions  from  a  corner.  Regardless  of  whether  such  a 
description  is  appropriate,  we  must  proceed  toward  the  solution  by  first  considering 
scattering  from  lengths  of  edge  rather  than  from  isolated  points. 

To  do  this,  we  use  the  Ufimtsev  ILEDC. 

The  Ufimtsev  ILEDC  describes  the  scattered  field  due  to  the  fringe  wave 
currents  induced  by  a  plane  wave  on  an  incremental  length  of  an  infinite  wedge, 
r’nis  ijuantiLy  and  its  general i /uition,  the  ILDC,  which  describes  the  scattering 
due,  tr,  'uir^onts  induced  o;  ..n  incremental  length  of  a  cylinder  of  any  given  cross- 


BeotloQ,  are,  like  the  2-D  DC.  four-element  dyadlce  which  transform  the  polar¬ 
isation  vector  of  the  Incident  wave  Into  a  vector  normal  to  the  direction  of  scattering. 
If  we  consider  the  geometry  and  composition  of  the  cylinder  to  be  fixed,  the  ILDC 
Is  In  general  a  function  of  the  wave  number  k,  the  direction  cl  :ldence,  and  the 
direction  of  soatterlng,  with  the  two  directions  now  Independent.  The 
Uflmtsev  ILEDC  turns  out  to  be  Independent  of  k.  All  perfect  conductor  ILDC's 
can  be  written  In  a  form  which  has  only  three  non-zero  elements;  furthermore,  for 
the  Important  case  of  backscatter,  the  two  diagonal  elements  are  the  same  as  the 
corresponding  elements  of  the  2-D  DC. 

The  fringe  wave  diffraction  from  the  edge  C  Is  obtained  by  Integnratlng 
the  ILEDC  over  C,  with  proper  account  taken  of  phase  shift  along  C.  If  there  Is 
also  an  ILEDC  which  describes  the  physical  optics  edge  diffraction,  we  can  sum 
the  two  ILEDC's  and  then  Integrate.  If  there  exists  a  ray  description  of  the 
edge -diffracted  field,  It  can  be  found  by  properly  Interpreting  the  result  of  the 
Integration.  That  Is,  In  PTDa  ray  description  of  the  scattering,  when  appropriate, 

Is  a  result  of  the  analysis  rather  than  an  Initial  assumption  as  In  GTD. 

If  C  Is  a  closed  curve  all  of  which  Is  geometrically  Illuminated  and  If  the 
curvature  of  C  Is  continuous  and  sufficiently  large,  then  the  diffraction  will  appear 
to  originate  from  those  points  on  C  for  which  =  /3j.  Thus  we  have  come 
back  to  those  cases  for  which  the  2-D  DC  can  be  used  to  solve  three-dimensional 
problems. 

♦  *  * 

In  any  mathematical  writing.  It  Is  necessary  to  strike  a  balance  between, 
on  the  one  hand.  Introducing  special  notation  which  leads  to  a  simpler  form  for 
the  final  results  and,  on  the  other  hand,  keeping  the  notation  simple  so  that  the 
exposition  Is  easier  to  follow.  In  this  report  we  have  leaned  heavily  toward 
the  use  of  special  notation  because  we  are  writing  primarily  for  the  person  who 
wants  to  understand  the  physical  significance  of  the  results  and  to  apply  them. 

A  List  of  Symbols  Is  Included  for  the  reader's  guidance. 


From  the  applications  point  of  view,  the  most  Important  material  Is 


<a)  The  material  la  Sections  3.1.1  and  3.1.2  which  shows  how  the  ILOC 
and  ILEDC  relate  the  far-fleld  scattering  to  the  incident  plane  wave  of  (2-3).  Key 
equations  are  (3-2),  (3-3),  (3-4),  (3-9),  (3-10),  and  (3-12). 

(b)  The  evaluation  of  the  Uflmtsev  ILEDC  d^  in  Section  3.2.1,  for  which  the 
key  equations  are  (S-46A),  (3-56)  to  (3-61),  the  definitions  (3-47)  to  (3-51),  the 
integral  forms  (3-52)  and  (3-53)  for  the  fbnctions  f  and  g,  and  the  closed  form 
evaluations  of  f  and  g  in  (3-65)  to  (3-78)  (with  appropriate  warning  that  (3-75) 
to  (3-78)  have  not  been  verified  thoroughly).  Also,  Important  special  cases  of 
d^  are  treated  in  Sections  3.2.2  to  3.2.4. 

The  corresponding  material  on  the  2-D  DC  is 

(a)  The  material  In  Section  2.1.2  relating  the  two-dimensional,  far-fleld 
scattering  to  the  Incident  wave  of  (2-3)  by  means  of  the  2-D  DC.  Key  equations  are 
(2-19)  and  (2-22)  to  (2-24). 

(b)  The  evaluation  of  the  Uflmtsev  2-D  DC,  also  designated  d^,  as  given 
In  Section  2.2.4.  For  actual  computation  the  moit  useful  equations  are  (2-98), 
(2-100),  (2-101),  and  (2-118).  Important  special  cases  are  treated  in  Sections  2.2.5 
and  2. 2. 6. 

The  Keller  2-D  DC  d  Is  treated  in  Section  2.2.3,  and  some  of  the  results 

U 

are  used  in  evaluating  4  •  The  most  useful  equations  for  d  are  (2-8Qb),  (2-82) 
and  (2-83).  Important  special  cases  are  treated  In  Sections  2.2.5  and  2.2.6. 
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II.  THE  TWO-DIMENSIONAL  DIFFRACTION  COEFFICIENT 


2. 1  A  FORMALISM  FOR  TWO-DIMENSIONAL  SCATTERING  PROBLEMS 

2.1.1  THE  CVLINDER  GEOMETRY  AND  THE  INCIDENT  FIELD 

Let  us  consider  the  problem  of  an  Infinite  length  cylinder  with  a  cross 
section  of  finite  extent,  composed  of  Isotropic  material  and  Illuminated  by  a 
plane  wave.  The  problem  geometry  is  shown  In  Figure  1.  The  unit  vector  ^Is 
parallel  to  the  cylinder  axis.  The  cross  section  of  the  cylinder  Is  described  by 
the  curve  L, which  we  require  to  be  of  finite  length.  The  unit  outward  normal 
from  the  cylinder  is  n  and  the  unit  tangent  to  L  Is  ^  so  oriented  that 

n_  X  ^  (2-1) 

The  length  parameter  along  L,  In  the  direction  of  ^  Is  i  .  The  length  parameter 
along  the  axis  Is  t,  and  we  represent  the  position  of  a  point  r  In  space  as 

r  =  £  +  t^  ,  (2-2) 

wh**re  £  Is  the  displacement  from  the  axis  of  the  cylinder.  The 

origin  r  =  0  can  be  chosen  In  any  convenient  manner.  An  x-axls  normal  to  ^ 

and  a  corresponding  unit  vector  e  ^  can  also  be  chosen  In  some  convenient 

manner,  and  we  can  then  Introduce  a  y-axls  and  a  unit  vector  e^^  such  that 

e  xe  =t. 

-x  -y  - 

The  Incident  plane  wave  will  be  written 

E^.E^E,  exp] -IkeJ  •  rj.  >  -  e  x  E^  •  (2-3) 

Here  Is  the  Impedance  of  free  space.  As  throu^out  this  report,  exp  {-lurx} 
time  dependence,  with  <*»  the  angular  frequency  and  t  the  time,  Is  assumed  and 
suppressed.  The  wave  number  k  Is  given  by 

k  =  w/c  (2-3  A) 

where  c  is  the  speed  of  light  In  free  space.  The  plane  wave  travels  In  the  -e^‘ 
direction,  with  e^^  a  unit  vector.  The  vector  describes  the  polarization 
of  the  wave.  It  is  a  complex  unit  vector  and  Is  normal  to  e  ,  that  Is 
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.  .  ~  1/2  I 

1e.|  =(£•£.)  =1  •  E.'  Ir  ""  ®  ’ 


where  ~  Indicates  the  complex  conjugate.  In  dealing  with  polarization.  It  Is 
convenient  to  make  use  of  the  unit  polarization  vectors  e  ^  and  e  defined  by 

I  1.  _ _ I  ,  .  I  -  l  „  I 


l!  =-<1*  ®  ^/li^®  r  I  »  l,S«i  *®r  • 


The  vector  e  ^  Is  normal  to  t  and  to  e  ^  and  e  ^  Is  normal  to  e  *  and  e  *. 

-I  -  -r  ’  -H  -1  -r 

The  vectors  e^^  e^^^  "s/'  order,  form  the  basis  of  a  right-handed 

Cartesian  coordinate  system.  We  can  now  write 

E.  =  P, 


where  we  call  the  perpendicular-polarized  component  (because  Is  per¬ 
pendicular  to  the  cylinder  axis)  and  the  parallel-polarized  component 
(because  e  has  a  component  parallel  to  the  cylinder  axis).  Since  ^ 

Is  a  complex  unit  vector,  the  components  p  and  p  are  In  general  complex 

i  II 

numbers. 

We  define  the  obliquity  angle  of  the  Incident  wave  by 


*  sin"^  (e*^ .  t). 


”  »  ^ 

■  2  ^  ^  2  • 


(2-7) 


For  Incidence  normal  to  the  cylinder  axis,  0^  =  0.  Otherwise,  0  ^  has  the 
same  sign  as  e 

It  Is  frequently  convenient  to  write  e^*  In  the  form 
e  J.  »  sin  0^  L  *  cos  «  r  * 


where  Is  a  unit  vector  normal  to  t.  In  terms  of  ^  ^  we  have 

— r  —  —r  ■ 


1  * 
4  '  i 


e],  =  cos  L  -  sin  ej.  . 
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2. 1. 2  THE  FAR-HELD  SCATTERING 


Let  us  now  turn  our  attention  to  the  far-fleld  scattering  produced 
when  the  wave  of  (2-3)  strikes  the  cylinder.  We  will  present  the  results  In 
a  manner  which  Is  readily  generalized  to  problems  Involving  finite  cylinders. 

Most  of  the  matei^l&l  In  Sections  2. 1.2  throug(h  2. 1. 6  Is  based  on  material 
In  the  Appendix,  especially  the  results  compiled  In  Section  1. 3. 3. 

At  a  point  In  the  far-fleld,  It  Is  meaningful  to  use  a  ray  Interpretation 
of  the  scattered  field  The  geometrj'  Is  shown  In  Figure  2. 

There  appears  to  be  one  ray  through  a  given  far-fleld  point  r.  This  ray 
originates  at  a  point  on  the  cylinder  axis  and  It  propagates  In  a  direction 
which  we  shall  designate  by  the  unit  vector  e^  .  Thus  any  point  r  can  be 
uniquely  represented  In  the  form 

r  =  Rq  e  ®  +  TqI^  .  (2-10) 

Here  t  =  T^  Is  the  point  on  the  axis  at  which  the  ray  originates, 

and  we  call  R^  the  slant  distance  from  the  cylinder  axis  to  the  point  r. 

We  designate  the  angle  between  e^®  and  the  axial  vector^  as 
TT 

(  +  0^)  and  we  call  0^  the  obliquity  angle  of  the  scattered  ray.  We 

thus  have 

Now,  because  of  the  special  properties  of  the  Infinite  cylinder  prob¬ 
lem,  we  find  that  all  scattered  rays  have  the  same  obliquity  angle  0  .  Thus 

8 

a  cone  of  rays  originates  at  each  point  on  the  cylinder  axis 

and  each  far-fleld  point  lies  on  one  such  cone.  In  the  case  0  =0,  the 

6 

cones  become  discs  and  the  rays  travel  radially  outward. 

The  angle  0  turns  out  to  be  equal  to  0. , 

8  t 
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(2-12) 


/^8 

Thus,  If  we  were  only  Interested  In  Infinite  cylinder  problems,  we  would 
not  even  have  to  distinguish  between  the  quantities  and  p..  Nevertheless. 

S  I 

we  shall  treat  fi  as  thou^  It  were  an  Independent  quantity  so  that  we  can 
readily  generalize  from  Infinite  cylinder  problems  to  finite  cylinder  problems. 

It  Is  frequently  convenient  to  write  e^®  in  a  form  analogous  to  (2-8),  namely 


e  ®  =  -8ln/3g^  +  cos/Jg 
A  8 


A 


8 


(2-13) 


with  e^  a  unit  vector  normal  to  U  (See  Figure  1  for  the  geometrical  details  of 
the  scattered  field. ) 


It  Is  also  useful  to  define  unit  polarization  vectors  e  ®  and  e  ®  such  that 

-I  -  II 


A  s 

r 


O  Oil  D  I 

®  =  (i  ’‘Ir  ^2.rl  =  1*1 

=  «  r  ®  =  co8^^t_+  sin /3g 


(2-14) 

(2-15) 


and  e^®,  e^®.  In  that  order,  form  the  basis  of  a  right-handed  Cartesian 

coordinate  system.  These  definitions  are  analogous  to  those  of  (2-5)  and  (2-9). 

For  all  Infinite  cylinder  problems, and  e^i  are  both  at  the  same  angle  Ip^l 
to  the  t-axis.  Important  special  cases  are 

®  =  e‘  =  t  for/1  =  A  =0  (No  obliquity)  (2-16) 


8  'I 


and 


el  -el  for 


Putting  these  two  cases  together,  we  find 

8  Is  I  . 

1^  -  -  £.1  •  2.  „  =  e  „  -  t 


(2-17) 


(2-18) 


for  backscatter  In  a  two-dimensional  problem,  where  backscatter  Is  only 
possible  for  =)Sj  =0. 


We  oan  represent  the  far-tield  wave  In  the  form 
,8cat,^  ^ 

% 


E"®®*(r)  -  --Y^  -  f.  .  x  e' 

E  * 


scat 


<2-19) 


where  is  the  wave  Impedance  of  free  space  and  Is  the  axial  wave  number, 
given  by 

kj  =  k  sin  .  (2-20) 

T^e  radiation  vector  _f  is  independent  of  and  and  Is  normal  to  e^®.  It 
can  be  expressed  in  terms  of  a  perpendicular-polarized  component  and  a 
parallel -polarized  component  as 

X  =  fj^e^  +  f„ej  .  (2-21) 

Furthermore,  X*s  a  linear  function  of  E  and  thus  we  can  write 


f  =  E 


°  k^/2  cobR 


1  •  EL 


where  d  is  a  dyadic  which  can  be  written  in  terms  of  Its  elements  as 


(2-22) 


J  J  si  J  si  ,  Slj  si 

i  =  d^^e^  +  d^„e^  e,|  +  dme,,  +d,|,|e||  6,, 


(2-23) 


The  normalization  in  (2-22)  has  been  chosen  so  that  d  Is  dimensionless  and 
also  so  that,  for  a  body  of  perfect  conductivity,  d  and  d^  are  independent 
of  the  obliquity  angle. 

If  we  consider  the  geometry  and  the  composition  of  the  cylinder  to  be 
fixed,  then  d  is  in  general  a  function  of  the  wave  number,  the  direction  of 
incidence,  and  the  direction  of  scattering.  We  thus  write 

d  =  d  (k;/3j,  ;  /3j,  <?)g  )  ,  (2-24) 

where  is  the  azimuth  angle  measured  from  the  x-axls  to  e  ‘,  and  d>  Is 
i  — r  ^8 

A  p 

the  azimuth  angle  measured  from  the  x-axls  to  •  The  first  tells  us 
the  obliquity  angle  for  the  incident  wave.  The  second  tells  us  that  the 
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obliquity  angle  Is  the  same  for  the  scattered  wave. 

'Hie  function  ^of  <2-24),  with  the  two  obliquity  angles  equal,  we  shall  call  the 
TSvo-Dlmenslonal  Diffraction  Coefficient  of  the  problem.  The  notation  Is  chosen  so 
that  the  Incremental  Length  Diffraction  Coefficient  d  (k;  /3.,  <(>„),  of 

Section  III  reduces  to  the  Two-Dimensional  Diffraction  Coefficient  when  B  ~B,. 

B  I 

2.1.3  THE  RELATIONSKiP  BETWEEN  FAR-FIELD  SCATTERING  AND 
EFFECTIVE  SURFACE  CURRENT'S 


The  radiation  vector^ Is  also  a  linear  function  of  the  effective 
electric  surface  current 
Kg  =  n X  H 

(amperes/m )  and  the  effective  magnetic  surface  current 
=  -  n  X  E 

(volts/m)  on  the  surface  of  the  cylinder.  If  we  write  K  and  K 

**  V  m 


In  component  form  as 

-q  ^  ^orq  =e.  m 

and  If  we  write  E  and  H  In  component  form  as 


(2-25) 


(2-26) 


(2 -26  A) 


A  =A^n+A^£+AT  forA=E,H, 


we  find  that  the  component  forms  of  (2-25)  and  (2-26)  are 

K,  =  H,  ;  K„,  =  E,  .  K_,  =-E,  . 


m/  ~  t  ’  mt  ~ 


(2-26  B) 


(2-26C) 


For  plane  wave  Incidence  ,  the  effective  surface  currents  are  linear 

functions  of  Ed.  In  light  of  this,  It  Is  convenient  to  Introduce  the  electric  and 

A  A 

magnetic  surface  current  dyadlcs,  and  respectively,  which  are  defined 

by  the  expressions 


18 


1 


K  =  K  exp{-lkt  8ln^}  ,  K  »  ^  for  q  =  e,  m  and  all  .  (2-27) 


We  see  that  ^  and  describe  those  qualities  of  the  surface  currents 
wht  ch  ar^  Independent  of  position  on  the  axis  and  of  the  amplitude  and  polar¬ 
ization  of  ihe  Incident  wave. 

The  surface  current  dyadlcs  can  be  written  In  element  form  most 
simply  as 

K  =  .  K,„  /e„‘  ♦Kirill  »  K,„t  e,;  . 

Here  the  elements  K^j  are  functions  of  wave  number,  direction  of  Incidence, 
and  position  on  the  cross  section  curve  L;  that  Is, 


(2-28) 


^  11  -r  =  K  (k; /3j.  ;  /  ) 


(2-29) 


Let  us  next  define  the  dyadic 


W  *  W  (k;^j,0j;  ;  /  > 

=  Wiicje]  +  W^„  e  J  e,^  +  W„i  e®  +W„,e®e,| 


(2-30) 


The  elements  of  W  are 


Wlj  -<i,  •  n)  K„(, 

-le®-  n)  Sln^, 

"'ll)  '-<i?  -  I)  ®m/)  ">"^8  K 


J  =  I.  II. 


(2-31) 


We  can  now  express  the  two-dimensional  diffraction  coefficient  d 

In  terms  of  W  and  thus  In  terms  of  and  The  result  Is 
*■  «e  sm 


d  =  - 


-I  n/4 

J7T 


k  d/'  exp  I  -  Ik  COB .  jp'jw'  , 


(2-32) 


■  2  (2n)‘ 

where  a  prime  Indicates  a  function  of  the  Integration  variable.  (To  derive  this  result, 
we  start  with  (1-104),  use  (2-22)  to  represent  f^ln  terms  of  d,  and  express  W  In  terms 
of  the  closely  related  dyadic  W. )  At  this  point,  we  are  only  stating  the  validity  of 
(2-32)  for  the  case  S  =/3  which  arises  In  two-dimensional  problems.  We  will  see 

8  I 


later  that  (2-32)  Is  also  meaningful  when  &  ^  A* 

O  I 


It  can  be  shown  by  Integration  by  parts  that  (2-32)  still  holds  If  W  Is  replaced 
by  a  dyadic  W  with  elements 


W 


=  (e  “  ♦  n  )  2^  K  ,,  +  cos/?  K 
r  ~ '  o  efj  ^  s 


IJ 


mtj 


^  TT 

=  -  (£  ®  •  n  )  ^  co8/?g  Z  ^ 

\ 

a 


i  =  1.11 


(2-33) 


♦  TT  “"fs 


A  A 

Because  and  are  the  true  effective  surface  currents  Induced 

by  a  source  which  does  not  lie  on  the  cylinder  surface,  they  are  continuous 

and  differentiable  In  /  at  all  points  of  finite  curvature  of  the  cross  section 

curve.  The  /-derivatives  do  go  to  Infinity  at  edges,  but  the  singularities 

are  Integrabie.  (For  a  general  discussion  of  fields  near  ed^s,  see  Reference  6. ) 


Matters  will  uot  be  so  simple,  however,  when  we  deal  with  dlscon- 

A  A 

tlnuous  Kq/j  ®nd  such  as  those  of  the  physical  optics  contribution. 


2.1.4  SYMMETRY  PROPERTIES 

A  A 

All  the  elements  of  K  and  are  either  even  or  odd  functions  of 

■e  •  m 


Py.  Specifically,  we  have 


=  -  Kq  (/3j  )  for  q  =  ef  11  ,  etl  ,  m/i  ,  mill  . 

Here  we  have  omitted  the  arguments  which  are  not  varied. 

From  these  symmetry  properties  and  (2-31),  we  obtain 


(2-34) 


Wq  (  -/\  ;  (/3j  ;  )  for  q  =  li  ,li  II  ; 

=  -  )  for  q  =  111  ,  II  1. 


(2-35) 


The  symmetry  properties  of  W  are  the  same.  Indeed,  we  see  from  (2-32) 
that  those  of  d  are  also  the  same: 


^q  <  '^i’  "  ^^8  ^  ^  ^  ^l’  ^8  ^  ^  *'  " 


=  -  d  (/3j;  /3g  )  for  q  =il),  II  1 


(2-38) 


From  this,  we  Immediately  obtain  the  very  Important  result  that  the  cross¬ 
terms  In  d  vanish  for  non-obllquc  Incidence  and  scattering: 


dm  (0;  0)  =  d,,^  (Oj  0)  =  0 


(2-37) 


2.1.5  THE  PERFECT  CONDUCTOR  CAf.E 
For  a  oerfy^ct  curicht\jL\>r,  we  ha'/e 


I'e/ll  =  0 


(2-38) 


Furthermore,  we  have  the  expressions 


;  /  )  =  ^  (k  cos /3j;  0,  ^j;/)  co8/3^  ,  (2-39) 

^etl  <*^’*^i*  ^l’*  <  >  "  ”  iT  K^^j^(k  cos^j}  0,  /)  tan/S^  ,  (2-40) 

^etll^’^f  ^l’  "  ^etll  0*  *^15  /)  •  (2-41) 

which  relate  the  surface  currents  of  the  oblique  Incidence  problem  to  those 
of  a  non-obllque  problem  for  the  shifted  wave  number  (k  cos  fi^).  (See  Section 
1.3.2  for  a  detailed  discussion  of  the  relationship  between  oblique  and  non-obllque 


Incidence  problems  for  perfect  conductors. ) 

By  using  (2-38)  to  (2-41)  In  (2-31)  and  (2-33).  we  obtain 
(k; /5^,^j;y3j.(?)g(/)=W^^  (k  C08/5j;  0,  0,  co8^^ 

(2-42) 

=  (e®  -  n)  Kg^^rkcos^j*,  0,^^;  t)  cos /S^ 

„  (k; /3j.  ^  :  /)  =0  ,  (2-43) 

W,||(k;/3j.  <p^;  ,  ^  -  «ln /3,  jcos  (e  ®  ‘n  ) 

*  ir  ho  '•'e/i  "•  '^'1= 

W,;„(k;/?j,0j;/3^.0^;/)  =  W„„(koos^j;  0,  0,  1)  cob  (3 ^ 

=  kgjl,(k  cos/yj-.  0,  9j;  t)  cos ^  (2-45) 

aud 

Wq  =  ,  q  =  1  i ,  1  II  ,  U  II  ; 

^tll  ^6'  i'> 
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We  now  readily  And  from  (2-32)  that 


(k  cos/^j-,  0, 0,0^)  .  q  =li,  lui 


(2-48) 


<Ji  II  (>t;  'p8)='0  5  (2-49) 

d|ii(k;/y,.0i;/3j.  0g  )  =  0  .  (2-50) 


Tills  Is  a  statement  In  diffraction  coefficient  terminology  of  the  well-known 
fact  that  the  far-fleld  scattering  at  oblique  Incidence  on  a  perfectly  conduc¬ 
ting  cylinder  can  be  found  by  solving  a  non-obllque  Incidence  problem  at  the 
shifted  wave  number  (k  cos  (See  Section  1. 3. 2  of  Appendix  I. ) 


2.1.6  APPROXIMATE  SOLUTIONS  AND  CONTRIBUTIONS  TO  THE  SOLUTION 

A  A 

Thus  far,  we  have  assumed  that  d.  K_,  K_  and  W  are  exact  values. 

ss  »e  "im  ■» 

\  Frequently,  however,  we  have  to  deal  with  approximations  to  these  quan- 

\ 

titles. 

Equally  Important,  we  frequently  represent  these  quantities  as 
the  sum  of  various  contributions.  For  example,  In  the  wedge  problem,  we 
express  and  as  the  sum  of  a  physical  optics  contribution  and  a 
fringe  wave  coutrlbutlon, 


+ 


(2-51) 


where  the  superscript  U  (for  Ufimtsev)  Indicates  the  fringe  wave  contribution. 
We  then  obtain  analogous  representations  of  W  and  each  as  the  sum 
of  a  pliyuical  optics  contribution  and  a  fringe  wave  contribution. 

Approximations  to  contributions  are  a  third  Ipportant  type  of  non¬ 


exact  solution. 


It  la  luiportant  to  realize  that  these  contributions  and  approximations 
do  not  necessarily  have  all  the  same  properties  as  the  true  solution. 

In  practice  we  try  to  give  the  non-exact  solution  as  many  properties 
as  possible  of  the  exact  solution.  Thus  we  always  choose  contributions  and 
approximations  for  d  and  the  ^  so  that  they  have  the  four-component  form  of 
(2-23)  and  (2-28)  respectively,  and  so  that  they  have  the  ftmctlonal  depen¬ 
dence  of  (2-24)  and  (2-29)  respectively.  We  always  require  that  (2-30), 

(2-31),  and  (2-32)  —  which  relate  W  to  the  ^  and  d  to  W  —  hold  for  each  In¬ 
dividual  contribution  separately.  It  then  follows  that  we  can  always  replace 

W  In  (2-32)  by  W  of  (2-33)  on  a  term-by-term  basis.  We  must  be  careful, 

A 

however,  when  dealing  with  a  contribution  for  which  the  are  discontinu¬ 
ous  (as  they  are  in  the  case  of  the  physical  optics  contribution  for  a  wedge), 
to  Include  Impulse  functions  In  the  dK^^/dlt  terms  to  account  for  the  dis¬ 
continuities.  (See  Section  1.2.4.) 

We  furthermore  consider  only  contributions  and  approximations  for 
which  the  symmetry  condition  (2-34)  holds.  Thus  the  symmetry  conditions 
(2-35),  (2-36)  and  (2-37)  will  also  hold  for  each  term. 

Summing  up,  we  can  without  difficulty  always  work  with  contributions 
and  approximations  for  which  all  the  formulas  of  Sections  2. 1.  2  to  2. 1.4  are 
valid. 

As  to  the  perfect  conductor  formulas  of  Section  2. 1.  5,  we  always 

choose  contributions  and  approximations  wVdch  satisfy  (2-38),  (2-39),  (2-41), 

(2-42),  (2-43),  (2-45),  (2-46),  (2-18),  and  (2-49).  The  remaining  four  equations, 
A 

for  K  »  W  ,  W  ,  and  d  ,are,  however,  frequently  not  satisfied  term- 
11  ^  If  X  iix 

by-term  by  the  contributions  which  are  used  In  practice.  Most  Importantly, 
the  d||  ^  for  a  contribution  or  approximation  may  be  non-zero. 


As  an  example,  consider  the  fringe  wave  contribution  to  the  scattering 
from  a  wedge  with  one  face  Illuminated,  the  other  In  shadow,  when  /  0.  The 
fringe  wave  current  component  (k;  t)  Is  finite  at  the  edge.  On  the 

other  hand,  the  current  component  cos  0,  I )  Is  discontinuous 

at  the  edge,  with  the  discontinuity  equal  and  opposite  to  that  In  the  physical 
optics  contribution,  and  thus  the  /-derivative  of  this  component  has  an  Impulse  at 
the  edge.  Clearly  (2-40)  cannot  be  valid  at  the  edge.  It  turns  out  that  the  two 
sides  of  (2-40)  differ  only  by  the  Impulse  at  the  edge,  but  this  difference  is 
enough  to  Invafldate  (2-44),  (2-47),  and  (2-50). 

(ft  should  be  noted  that  we  can  eliminate  this  difficulty  by  decomposing 
the  surface  current  Into  a  'Modified"  physical  ^tlcs  contribution,  with  the 
proper  Impulse  function  added  to  so  that  (2-40)  will  hold,  plus  a  'Wdlfled" 
fringe  wave  current,  with  the  equal  and  opposite  Impulse  function  Included,  it 
Is  quite  possible  that  this  Is  the  procedure  we  shall  adopt  In^future  work.  For 
the  present,  however,  we  have  decided  not  to  introduce  the  additional  complication 
of  redefining  physical  optics. ) 

Whenever  (2-40)  does  not  hold,  (2-44)  and  (2-47)  must  be  replaced  by 
the  more  general  expressions 


=[Zo  Kgti^'^l’^l’^^  -  (li-n)  Zq  0,0^; /)  sln^JcosjSj 

W  i|  ^  (k;)9j»  t )  (2-53) 

which  can  be  derived  from  (2-31)  and  (2-33)  by  use  of  (2-38)  and  (2-39).  b\  such  cases, 
dmWlll  usually  be  non-zero  for/9j  ^  0  and  can  be  calculated  from  (2-32). 
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2.  2  THE  UFIMTSEV  AND  KELLER  DIFFRACTION  COEFFICIENTS  FOR  A  CON¬ 
DUCTING  WEDGE 
2.2.1  BASIC  IDEAS 

Let  us  now  consider  the  case  In  which  our  cylinder  of  Infinite  length 
Is  a  wedge  whose  two  faces  are  Infinite  half-planes. 

We  are  Interested  In  this  problem  not  Just  for  Its  own  sake  but,  even 
more  Importantly,  because  the  wedge  Is  the  simplest  body  which  has  an  edge. 

In  practice,  we  treat  the  wedge  problem  as  a  canonical  problem,  and  we  use 
the  results  In  solving  a  variety  of  other  problems  Involving  bodies  with  edges. 

In  keeping  with  this  practical  emphasis,  we  shall  use  the  term  edge  diffraction 
coefficient  rather  than  wedge  diffraction  coefficient. 

The  geometry  for  scattering  from  a  wedge  Is  shown  In  Figure  3.  The 
wedge  angle  Is  2a.  The  t-axls,  at  which  £  =0,  Is  chosen  to  coincide  with  the 
edge,  which  we  designate  as  C.  The  unit  vector  n^  bisects  the  wedge  angle  and 
points  out  of  the  wedge.  We  also  define  a  unit  vector 


_b  =  L  X  n  ^ 


(2-54) 


so  that  n^,  b,  ^  In  that  order,  form  the  basis  of  a  right-handed  Cartesian 
coordinate  system.  The  two  faces  of  the  wedge  are  designated  as  and  S_, 
with  b  pointing  from  the  side  to  the  side.  The  unit  outward  normals  to 
and  S_,  which  we  designate  as  n^  and  n_  respectively,  are  given  by 


n  =  n  sin  o  -  b  cos  a 
—  +  —  o  — 


n  ~  o  a  +  b  cos  a 


(2-55) 


We  also  define  unit  tangent  vectors  e  ^  and  e^  which  lie  on  and  S  res¬ 
pectively,  and  which  are  normal  to^and  directed  away  from  the  edge,  so 
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(2-56) 


e*  =  -  (n  cos  a  b  sin  a ) 

e  ”  =  -  <n  cos  o  -  b  sin  a) 

-p  '-o 

Tbe  x-axls  from  which  we  measure  0,  acd  0  Is  chosen  to  bisect  the 

'^1  s 

wedge  angle  and  Is  so  oriented  that 


The  wedge  factor 


(2-60) 


_ n _ 

^  ~  2  a)  (2-58) 

plays  an  Important  role  In  the  wedge  diffraction  results.  This  factor  has  a 
minimum  value  of  1/2  for  a  knife  edge  and  Increases  with  a.  We  shall  limit 
consideration  here  to  the  case  of  acute  wedge  angles 


(2-59) 


(2-57) 


For  values  of  a  greater  than  rr/2,  matters  are  complicated  by  the  presence 


of  reflections  between  and  S_. 

We  will  consider  In  detail  two  kinds  of  diffraction  coefficients.  The 
Keller  diffraction  coefficient  d  describes  the  exact  solution  of  the  wedge 
problem,  the  far  field  produced  by  the  total  current  on  the  wedge. 

The  Uflmtsev  diffraction  coefficient  describes  the  contribution  to  the  scat 
tered  field  produced  by  the  'Yrlnge  wave"  current,  which  Is  the  difference 


between  the  true  current  and  the  current  predicted  by  physical  optics. 


For  most  angles  of  lucldence,  the  fringe  wave  current  is  concentrated  near 
the  edge. 

Sometimes  It  Is  convenient  to  define  a  third  type  of  coefficient,  the 
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physical  optics  diffraction  coefficient,  d  ,  which  describes  the  contribution 
to  the  scattered  field  due  to  the  physical  optics  currents  on  the  wedge.  This 
Is  related  to  the  other  diffraction  coefficients  by  the  simple  formula 


In  (2-19)  and  (2-22).  we  defined  d  In  terms  of  the  far-fleld  solution. 

The  wedge,  however.  Is  a  cylinder  of  Infinite  cross  section,  and  thus  It  Is  not 
a  priori  certain  that  there  Is  Indeed  a  far-fleld  region,  that  Is,  a  region  In 
which  the  amplitude  and  phase  of  the  far-fleld  wave  depend  on  In  the  manner 
of  (2-19). 

It  fortunately  turns  out  that,  for  most  combinations  of  <p.  and  <f>  ,  there 
does  exist  a  far-fleld  region. 

There  are,  however,  combinations  of  0^  and  0^  for  which  this  Is  not  so. 

In  these  cases,  no  matter  how  large  we  make  R^,  we  never  reach  a  region  In 

-l/2  s 

which  the  field  decreases  as  R  In  the  e  direction.  For  these  cases,  a 

o 

formal  calculation  of  d  yields  an  Infinite  or  Indeterminate  result.  One  of  the 
UK  K 

advantages  of  d  over  d  Is  that  d  has  a  singularity  whenever  0  lies  on 
a  geometrical  shadow  boundary  or  reflection  boundary,  but  d^  Is  finite  and 
uniquely  defined  except  for  grazing  Incidence  problems  with  0j  =  n  ±  a. 

1^ 

Even  though  d  exists  for  most  combinations  of  0,  and  0  It  cannot 
be  computed  using  (2-32).  The  conditions  for  validity  of  (2-32)  are  more 
stringent  than  those  for  existence  of  a  far-fleld  region. 

2.  2. 2  SHADOW  BOUNDARIES  AND  REFLECTION  BOUNDARIES 

Consider  now  a  wedge  with  a  >  0,  As  we  see  from  Figure  4,  there 

are  five  types  of  Illumination  possible: 

Case  1.  Only  Is  Illuminated  (a  <.  0^  <  n  ~  ay. 

Case  2.  The  incident  wave  Illuminates  and  grazes  S_  (0^  =  jt  -  a); 
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FIGURE  4  FIVE  TYPES  OF  ILLUMINATION  AT  AN  EDGE 


Case  3.  Both  and  S_  are  Illuminated  {n  -  a  <  <  n  +  a); 

Case  4.  The  Incident  wave  grazes  and  Illuminates  S_  =  n  +  a ); 

Case  5.  Only  S_  Is  Illuminated  {n  *  a  <  <p ^  <2tr  -  a). 

We  refer  to  Case  2  and  Case  4  as  the  transitional  cases. 

Let  us  first  consider  the  other  three  cases.  Cases  1  and  3  are  Illus¬ 
trated  In  Figure  5  ,  and  Case  5  Is  analogous  to  Case  1.  In  Case  1,  there  Is 
a  shadow  boundary  at 

*^8  *  (2-62) 

That  is,  In  the  simple  geometrical  optics  approximation,  the  region  <p  <((?>,+  rr) 
is  Illuminated  by  the  Incident  wave  and  the  region  0  >  (0,  +  >7)  is  In  the  shadow 

S  I 

of  .  There  is  also  In  Case  1  a  reflection  boundary  at 

0s  +  -  0J  .  (2-63) 

That  Is,  in  the  simple  geometrical  optics  approximation,  a  wave  reflected 
from  exists  In  the  region  0^  <  ( rr  +  2a  -  0^)  and  Is  absent  In  the  region 
0g  >  (ff  +  2a  -  0^).  'fhe  two  boundaries  coincide  when  0j  =  a. 

In  Case  3,  there  are  two  reflection  boundaries,  one  given  by  (2-63)  and 
the  other  by 

0g  -  37T-2Q-0J  (Reflection  from  S_)  .  (2-64) 

In  Case  5,  there  Is  a  shadow  boundary 

0s  ~  “  0|  ■  ^  (Shadowing  by  S  )  (2-65) 

and  a  reflection  boundary  with  0^  given  by  (2-64).  The  tw'o  boundaries  coin- 

O 

clde  when  0j  -  2»7  -  a. 

We  see  that  there  are  four  dlflerent  types  of  geometrical  boundaries, 
the  shadow  boundary  and  the  reflection  boundary  for  and  the  analogous 
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ONE  SHADOW  AND  ONE  REFLECTION  BOUNDARY 


Reflection 

Bountiary 


Boundary 


TWO  reflection  BOUNDARIES 


FIGURE  5  SHADOW  AND  REFLECTION  BOUNDARIES 
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:  I 


bovmdaries  for  S_.  In  each  case,  we  actually  encounter  two  of  these  boundaries. 
These  two  we  shall  call  -ne  real  boundaries  for  the  given  value  of  0^. 

If  we  now  evaluate  ^or  Case  2,  which  is  a  transi¬ 

tional  case,  we  find 


‘'■r*  "  ’  “  ■  V  2.-  »  . 

We  thus  see  that  there  Is  a  reflection  boundary  at 


3  0 


and  a  double  boundary  along  S_  at 

.  =  2  "  -  » 


(2-66) 


(2-67) 


(2-68) 


which  is  both  the  shadow  boundary  with  reference  to  face  and  the  reflection 
boundary  with  ’-eference  to  face  S_. 

Similarly,  In  Case  4,  there  Is  a  rejection  boundary  at 


0c  =  *^1 


2  tt-  3o 


'S  R 

and  a  double  boundary  along  at 
0  =  0^  =  0^  =  o 


(2-69) 


s 

which  Is  both  the  shadow  boundary  for  S_  and  the  reflection  boundary  for  S^, 

To  unify  all  these  results,  we  generalize  the  concept  of  a  geometrical 
boundary  as  follows: 

For  every  value  of  0^,  there  exist  four  geometrical  boundaries, 
given  by  (2-62)  to  (2-65)  A  given  boundary  may  be  real,  lying  in  the 
open  range  a  to  (2 /r  -  a);  It  may  be  a  grazing  boundary  at  a  or  (2r  -a); 
or  it  may  be  a  virtual  bound ai'y  whlcn  lies  outside  the  closed  range  a  to 
{2n  ~  a).  Grazing  boundaries  occur  In  pairs,  and  the  nunjJjefr*of  virtual 
boundaries  equals  the  number  of  real  boundaries. 


(2-70) 


< 


'Hie  generalized  concepts  also  hold  for  the  knife  edge  problem  a  =  0. 

In  thU«  prdblem,  we  have  Case  1,  Case  5,  and  one  transitional  case,  0^  *=  n, 
for  which  there  are  two  pairs  of  grazing  boundaries,  one  at  0  and  one  at  2n. 

We  now  Introduce  the  notation  for  the  angle  from  ^  to  the  shadow 
boxmdary  with  reference  to  face  S^, 


*S.  'V  '*‘^81  ’ 

(2-710 

and  we  similarly  define 

'b.  =  ■■'■a'  • 

(2-V2) 

'S-  =  ‘^S.  “‘^s  '  ^sl>’ 


(2-73) 


*R. 


(3  /r  -  2  o  )  -  0 


(2-74) 


Here 


(2-75) 


.  (5,  * 


(2-76) 


The  i j  are  meaningful  even  when  they  correspond  to  virtual  boundaries. 

It  Is  Important  that  the  be  uniquely  and  appropriately  defined,  be¬ 
cause  we  will  be  considering  trigonometric  functions  of  fractions  of  these 
angles.  As  long  as  we  restrict  0,  and  0  to  be  angles  outside  the  wedge,  the 
proper  values  of  the  6^  are  obtained  by  choosing  0^  and  0^  In  the  range 


o  5-  0^  2  (2  ft  -a) 


(2-77) 
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0^0  2r  (2  -0^  .  (2-78) 

8 

In  working  with  the  4j,  the  Identities 

'r*  'st  =  2  ( .  )1  ,  'r*  - 

«R.t  »s.  *  2  (  ■’  •  (((•,♦»)  )  .  *R.  -  <g.  =  2  (  2»  -(0,+  o;  1 

V  -  ‘s-  -  2-  .  =  2»-4a 

frequently  prove  useful. 

2.  2.  3  THE  KELLER  COEFFICIENTS  FOR  A  PERFECT  CONDUCTOR 

Thus  far  we  have  not  epeclallzed  to  the  case  of  a  perfectly  conducting 
wedge.  Let  us  now  make  that  specialization. 

The  Keller  diffraction  coefficient  for  a  perfect  conductor  Is  given 
In  Section  3  of  Reference  3.  In  our  notation,  these  results  become 


.K  ..K^s  l  .Ks  I 

i  '  '‘i  ii  5.1  II  111  111 


(2-80a) 


=  /e®  e‘  +  e®  e‘  \  +  d*^  'e®  -  b®  ^ 

°a  '-1  -1  -II  -II  ^  '-1  -i  -II  -11^ 


(2- 80b) 


where 


.K  .  K  ^  .K  .K 


"*«  -‘‘b  ' 


hK  _  1  jK  ^  .K 

da  -2  ^d„).  dj, 


1  .j  K  , 

-  2  <dj^  -  d  ,1  )  , 


and 


(2-81) 


aK  . 


*'  sin  utr 


cos  vn  -  cos  V  (tf  -  ^  ) 


,  (2-02) 
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(2-83) 


ltr/4 


1/2 

(2ir)  CO8  yfr  ♦  cos 


»  stn  yir 


(«j  *  *,)jj 

Here  we  have  used  the  simplified  notation  dj^ ,  d||  for  ^  accord 

with  (2-49)  and  (2-50)  there  are  no  cross-terms  In  d^.  Furthermore, 

Is  Independent  of  k  and  of  /3^.  (From  (2-48)  we  see  that  Independence 
of  k  Implies  Independence  of  /3^. ) 

By  straightforward  application  of  standard  trigonometric  Identities, 


we  can  obtain  the  equivalent  forms 
^  /4 

J72 


dK  = 


u  Pin  V  ff 


K 


2  (2  Tr 

.  I  •p  /4 


^S».  )  2  ^g.) 

p  sin  i'  w 


JTz 


(2-84) 


(2-85) 


2(2Tr)‘'‘'  sin 

'ntese  are  not  as  convenient  for  computation  as  (2-82)  and  (2-83),  but  they 
show  how  simply  the  diffraction  coefficient  Is  related  to  the  positions  of  the 
geometrical  boundaries. 

It  Is  a  simple  matter  to  decompose  each  expression  (2-84)  and  (2-86)  Into  a 
contribution  from  the  current  on  and  a  contribution  from  the  current  on 
Let  us  write 

d^'sd^^  +  d*^  ,  d*^  +  d*^  ,  q=Lll.a,  b,  etc.  ,  (2-86) 

•  s  ^  9  “  Q  Q  ^  Q 


where  +  Indicates  the  8^  contribution  and  -  Indicates  the  8_  contribution.  We  then 


readily  find 

d*'  = 
a  + 


a  - 


e  ‘  "  1/ 

.  I  Tr/4 


-  e 


2  (2  tr  ) 
I  w  /4 


1/  cot  ^  Sg_  , 


V 


2  (2  TT  ) 


_^l;COt  ^ 


(2-87) 

(2-88) 

(2-89) 


K 


(2-90) 


2  8ld|*g^8ln  ^6^^ 

Itt/4  ala  t/l(r4-a) -a  I 

^2„j1/2  C08  f  (<ij  -a)  -  cob  •»{(«+«) -(^g] 

it/4  COB  V  (2it  -  Ag) 

I  .  1/2  Sin  »<  (ir  -  A,)  -  8lnv(2ir-A  ) 

6  IT  )  I  *» 


(2 -9  la) 


(2-91b) 


(2-910) 


e*” ^  am  -|-«a.**R-> 

"  “">  f  *  S-  f  *R- 

lw/4  8ln  I' ((  n^-«)  ] 

JS _ _  1/  _  ” 

^2  ^  )l/2  cos  y((2n-o)  -  A,l-  ooBi/[(rr-  o)  -Ag  ] 


I  IT  /4 


I  tr  /4 
e 

I7i 

2  i2nf'' 


Cos  1/  A 

8 

sin  t/  (  Tv  -Aj  )  +  sin  vAg 


sin  fa  slnf*R^ 
sill  V  (Aj  -  a) 

cos  V  ( -0^  -  cos  V  {(n+«)  -1 

cos  V  (n  -  A^  ) 

ein'i^  ( If  -  A. )  -  sin  >/  (2  "  -  A„ ) 
t  s 


2  (2-T)''^^  sin  sin 

^in/4  sin  t'((2w  -a)  -Aj  } 

*^172  cos  i'((2~-a)  -  Aj]  -  co8"^7ir-«r-”A^ 


(2“92a> 


(2 -9  2b) 


(2 -92c) 


(2 -93a) 


(2 -9  3b) 


(2 -9 3c) 


(2 -94a) 


(2 -94b) 


coc;  "  (TT  -Ap 


Bln  (rr-Aj)  +  slni'Ag 


(2  —9  4c ) 


In  each  equation,  the  sine  terms  In  the  numerator  of  the  'la”  form  and  of  the 
"b"  form  are  equal,  as  can  be  verified  using  (2-79). 
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If  now  we  consider  the  ^as  functions  of  0  ,  we  find  that 

n  ® 

d  has  odd  symmetry  about  4*  =  n  +  a\ 
d  _  has  odd  symmetry  about  ^  =  n  -a\ 
d  has  even  symmetry  about  4>  =  n  +  a  ; 

II  +  8 

d^^  _  has  even  symmetry  about  =  n  ~  a. 

These  are  exactly  the  symmetry  properties  we  expect  from  the  concept  of 
each  face  of  the  wedge  being  a  radiating  current  sheet. 


It  Is  readily  verified  that  the  restilts  given  In  (2-87)  to  (2-90)  add  up  to  yield 
the  results  given  In  (2-84)  and  (2-85).  The  ’h"and  ’b" forms  of  (2-91)  to  (2-94) 

are  obtained  from  (2-81)  and  (2-87)  to  (2-90)  by  using  the  Identity 
8ln/vi:xi  2sln(v±x) 

iirimH  y  ■=  coe  (y  -  X)  -  cm  (y  .  x)  .  <2-95) 

and  the  "c"  forms  are  then  obtained  by  using  the  definition  (2-58)  of  v  and 

standard  trigonometric  Identities. 

We  omit  here  the  proof  that  the  terms  with  subscript  and  - 
are  Indeed  due  to  currents  on  and  respectively,  but  we  note 
that  this  proof  Is  easily  made  as  a  by-product  of  the  derivation  of  the 

Incremental  Length  Diffraction  Coefficient. 

There  Is  no  difficulty  In  evaluating  any  of  the  expressions  for 

Y 

d  ^  and  Its  components  In  the  transitional  cases 


=  n±  a 


On  the  other  hand  we  see  from  (2-87)  to  (2-90)  that  d*^  Is  singular 

when  ^g_,  ^ or  Is  zero.  This  confirms  our  statement  In  Sec- 

tlon  2. 2. 1  that  d‘  has  a  singularity  when  0  lies  on  a  shadow  boundary  or  a 

3K  8 

reflection  boundary.  It  can  furthermore  be  verified  that,  because  of  the  con¬ 


dition  Q  <  ,  the  arguments  of  the  cotangents  In  (2-87)  to  (2-90)  never 

A* 
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2.2.4  THE  UFIMTSEV  COEFFICIENTS  FOR  A  PERFECT  CONDUCTOR 


The  Uflmtsev  diffraction  coefficient  for  a  perfect  conductor  has  the 


form 


•  U  .Usl  .U  8  I  .U  8  I 
i  =  2-1  2.,,  ♦  d„  e  „  e  „ 


(2-e6) 


where  we  have  used  the  simplified  notations  of  Section  2. 2. 3  and  also  d^  In¬ 
stead  of  d||  ^  for  the  cross-term.  From  Section  2.1,6,  we  see  that  this  Is 
Indped  the  most  general  form  we  ever  encounter  for  a  perfect  conductor 
diffraction  coefficient;  d^  Is  always  zero. 

It  Is  convenient  to  proceed  as  In  Section  2. 2. 3  and  define  d  ^  and 

a 

djj^  such  that 

,^U,U^.U.U_.U.U  ) 

<*1  •  ‘‘ll  ““a  -“Hi  •  I 


u  1  u  ^  .  U,  .  U  1  u  .  u, 
^a  *  *2  ^11  ^  “  2  *^ll 


We  then  can  write 


U  jU,8l  si,  .U.sl  Bl,,.U8  I 

d  (e^  -^db  e„ 


(2-97) 


(2-98) 


We  also  proceed  analogously  to  (2-86)  and  define 


d^^=d^^+d^  ,  d^'=d'^  +  d^  ,  q  =1,H  x,a,  b,  etc.  , 

=  =+  =-  q  q+  q-  ^ 


u  ^  V  u  .  ^  u 


(2-99) 


where  +  and  -  Indicate  contributions  from  S^  and  S_  re8p>ectlvely. 

The  diagonal  elements  of  d^  are  given  In  Section  4  of  Uflmtsev's  book 
(Reference  1).  Expressing  Uflmtsev's  results  In  our  notation  we  have 


oi,  -<4 


(2-100) 


•  U  _  ,K 

^  2(2a)’^ 


/4  r 

TTT 


)  tan 


-2  0 

I  8 


<^,+<4  +20 

-  U,  (0,)  tan  -  .  t2-101) 


Here  and  U_  are  step  functions  defined  by 

=  1  for  ( If  +  a  )  >  a 
undefined  for  ~  n  +  a 
=  0  otherwise 


=  1  for  {2n  •  a)  {n  -  a) 

undefined  for  -  a 

-  0  otherwise 

That  Is,  =  1  when  la  Illuminated,  U_  =  1  when  S_  Is  lllumlneted. 


We  see  that  d^  and  dj^  are  Independent  of  k  and  /S^,  and  thus  d^  and 


dj|  are  Independent  of  k  and  /3j.  We  also  note  that 
d  ^  =d^^  for  (rr+o)>0  >(7t-u)  . 


(2-102) 


-.»!> 


(2-103) 


By  making  use  of  the  easily-verified  Identities 


tan  -|-  W,  -  »  -tan  -5-  ^ 


2  -SI  =  - -r  's.  “  -  cot  -4-  4s.  ,  (2-104) 


■r  'A  *  ^’s 


tan  ,-^1 

tan  (0,  + 


-  2a) 


+  2a) 


“T  *R* 

f  V 


cot  -i- 


we  can  write  (2-100)  and  (2-101)  In  the  equivalent  forms 


U 


K  .  e 


{rT/4 


d  =  d  + 
a  a 


2(2^) 


I  ff/4 


T72  <  -T 


.U  jK  .  e'  ^  ^  *R-  . 


(2-105) 


(2-106) 


(2-107) 
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From  those  expressions  and  (2-84)  and  (2-86),  we  see  how  simply  the  diagonal 
elements  of  d^  are  related  to  the  positions  of  the  geometrical  boundaries. 


It  Is  now  stral^tforward  to  separate  the  and  S_  contributions  to 
d^  and  We  obtain 


2(2 


[KCOt(p^)-U^COt(-i-  «g,)J  , 


(2-108) 


U  e‘ 


2{2Tr)^'^ 

U  _ 

2(2 

dV  = 

2(2  rr)^^'^ 


7^/2  [  cot  (  I  igj  -  U.  cot  (  -i  igj  j  . 

— 1/2  [  <  2 ‘r.>  ■  <  TWJ' 

4/2  [»  cot  -  V.  col  (  f  ] 


(2-109) 


(2-110) 


(2-111) 


Ihe  and  S_  contributions  to  and  are 


Tlie  {6  ±6)  terms  can  be  evaluated  using  (2-79).  Note  that  the  coefficient 
of  the  step  function  Is  obtained  from  the  Keller  coefficient  by  substituting 
1  for  V,  Using  this  fact,  we  can  readily  construct  forms  of  the  d^oorres- 
ponding  to  the  'b*'  and  "c"  forms  of  (2-91)  to  (2-94),  The  symmetry  proper¬ 
ties  of  the  dV .  as  functions  of  <p  are  the  some  as  those  given  In  Section  2. 2. 3 

K  «  ® 

for  the  djj^ 

I 

When  both  and  <t>  lie  outside  the  wedge.  In  the  range  a  to^/r  -  a), 

the  forms  (2-100)  and  (2-101)  are  probably  the  most  useful  ones  for  actual 

computation.  It  may  also  be  meaningful  In  some  Instances  to  consider  values 

o(<t>  Inside  the  wedge,  because  the  fringe  wave  current  alone  does  produce 
s 

scattering  In  these  dlrectlonn.  For  such  directions,  we  can  use  (2-108)  to 
12-115)  provided  wc  use  the  range  of  angles 

(2ff+o)»0.  (2-116) 

B 

In  the  expressions  for  the  and  the  range  of  angles 
(2rtf~tf)a0_  2  -  a 

D 

In  the  expressions  for  the  This  choice  of  ranges  can  be  Justified  by 

symmetry  considerations.  In  actual  computation,  (2-108)  to  (2-111 )  are 
probably  more  convenient  than  (2-112)  to  (2-115). 

It  may  be  meaningful  to  consider  values  of  Inside  the  wedge,  but 
this  question  has  not  yet  been  studied. 

The  cross -term  Is  given  by 

{irr) 

which  vanishes  when  both  faces  are  Illuminated  and  also  for  Incidence 

normal  to  the  axis.  To  verify  (2-118),  we  calculate  (which 

Is  a  simple  and  stralg^itforward  procedure),  use  (2-47)  to  show  that 

W  F  =  -  and  then  calculate  d  ^  from  the  W  form  of 

(2-32).  Since  d  is  Independent  of  ^i!) ,  we  may  use  (2-118)  for 

X  s 


(2-117) 


(2-118) 
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values  of  <p  inside  the  wedge,  and  It  is  thus  not  necessary  to 
consider  a  decomposition  of  d^  Into  and  S_  contributions. 

A 

(In  order  to  carry  out  the  decomposition,  we  would  have  to  evaluate  S'! 
the  edge.  This  would  be  just  an  unproductive  side  Issue. ) 

The  cross-term  d^  does  not  appear  In  Uflmtsev's  work  (Reference  1). 

This  does  not  affect  his  results  for  two-dimensional  problems,  because  a  two- 
dimensional  problem  involving  only  perfect  conductors  can  be  reduced  to  an 
equivalent  problem  with  /3j  =0  for  which  vanishes.  Similarly,  Uflmtsev's 
results  for  backscatter  from  a  three-dimensional  body  are  valid  whenever  the  scat¬ 
tering  appears  to  arise  from  single  diffraction  at  scattering  centers,  because 
here  =  0  In  the  canonical  problem  which  we  utilize  at  each  scattering  center. 

On  the  other  hand,  the  absence  of  the  cross-teim  can  make  an  Important  dif¬ 
ference  In  three-dimensional  blstatlc  scattering  problems  and  In  diree- 
dlroenslonal  backscatter  problems  Involving  multiple  diffraction  or  combined 
diffraction  and  reflection. 


As  noted  In  Section  2.  2. 1,  Is  finite  and  uniquely  defined  for  all 
when  0,  5/  17  ±  o  .  To  prove  this,  we  refer  to  (2-108)  to  (2-111',  note 

S  I 

that  the  step  function  Is  always  unity  when  the  arguments  of  the  cotangents 
are  zero,  and  use  the  Identity 


i/cot  (  -  cot  (^i)  = 


1  i' 

V  tan  j  4  -  tan  ^  i 


tan|4 


tan|^ 


-=r(l- 


O  (4®) 


12-119) 


to  show  that  there  is  neither  a  singularity  nor  an  ambiguity  In  definition  when 

one  of  the  5  Is  zero.  Furthermore,  It  can  readily  be  verified  that  and 

have  absolute  value  less  than  2rr  for  all  values  of  for  which  U_^  =  1, 

and  and  have  absolute  value  less  than  2tr  for  all  for  which  U_  =  1. 
S-  K-  ‘ 


42 


Thus  the  terms  of  form  U  cot  h/2  have  no  singularities  other  than  the  one 
at  6=0.  It  follows  that  the  d  ^  are  uniquely  defined  and  finite  for  all  0 

a 

when  ^  rr  ±  a. 

For  the  transitional  or  grazing  cases  0^  =  ir  i  a,  we  would  expect 
some  difficulty  since,  for  a  l -polarized  Incident  wave,  we  do  not  even  have 
a  \inlque  separation  Into  physical  optics  and  fringe  wave  currents.  Let  us 
consider  the  elements  of  d^  separately.  The  simplest  to  deal  with  Is  d^. 
We  see  by  Inspection  of  (2-118)  that,  for  0.  Is  nol  defined  for 
0j  =  Tr±  a,  values  which  In  fact  correspor  J  to  discontinuities  In  d^. 

For =0,  d^  vanishes  for  all  values  of  0^,  Including  n  ±  a. 

The  most  efficient  way  to  study  and  dj^^  Is  by  means  of  the  ex¬ 
pressions  (2-108)  and  (2-110)  for  d^^  and  dj^  and  the  definitions  (2-71)  and 
(2-72)ford^  and  We  find  that  d^^,  as  a  function  of  0j  and  0^,  has  a 
rather  complicated  behavior  near  the  points  (0,,  0_)  =  (»T  +  a,a),  {n  +  a, 
2n  +  a),  a  behavior  which  Is  probably  of  no  physical  significance.  For 
o  <  0g  <  ff  +  a  and  n  +  a  <  <  27t  +  a  ,  d^^ls  not  defined  when  0j  =  n  +  a, 

because  there  Is  a  finite  discontinuity  of  d^^  across  this  value.  Only  when 
0g  =0|  Is  d^^  defined  for  0^  =  /t  +  a  ,  but  this  exception  Is  very  Important 
because  It  Includes  the  case  of  backscatter.  As  to  we  find  that  It  Is 
defined  for 0,  =  n  +  a  In  all  cases  but  0  =  a  and  0  -2tt  +  a,  where  we 
encounter  the  same  kind  of  complicated  behavior  as  for  d^^. 
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In  similar  manner,  we  find  that  d^_  and  d^_  have  a  rather  complicated 
behavior  near  the  points  ( ir  -  a,  -  a )  and  (  it  -  o ,  In  ~a)\  that  d^_  Is  not 
defined  for  (ff  -  a,  <^  )  when  -a  <.  <  n  -a  or  n  ^  a  <  <  2n  -  a  because 

these  values  represent  a  line  of  discontinuity;  that  d^_  Is  defined  for  0  = 

=  /r  -a;  and  that  d^_  Is  defined  for  -  a  and  -a  <  <  27t  -a. 

All  elements  of  d^  are  defined  for  backscatter  at  non-obllque 

99 

Incidence, 


rt  n,  =  ff  i  a  ,  /9  -  0  ;  (2-120) 

~8  '  I  t 

and  thus  Is  a  continuous  fuiictlon  of  for  backscatter. 

The  fact  that  a  dyadic  element  does  not  exist  for  a  given  pair  of  values 
of  0,  and  0  tells  us  that  our  simple  model  of  the  scattering  mechanism  Is 
not  valid  at  or  near  this  pair  of  values.  A  more  complicated  model  must  be  used. 
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(2-121) 

(2-122) 

(2-123) 

(2-124) 

(2-125) 

(2-126) 

(2-127) 


jU  ,  ‘ slii/3. 

-  (2,)  ' 

where  the  -  sign  Is  used  for  <  rr,  the  +  sign  for  tj  .  We  have 
written  d  In  a  form  which  emphasizes  that  It  Is  an  odd  function  of 

(/r-^j)  and  an  odd  function  of  ( r;  -  <p^),  and  we  have  written  d  In  a 
form  which  emphasizes  that  It  Is  an  even  function  of  ( rr  -  9^  )  and  an 
even  function  of  ( rr  -  0  ). 

o 


(2-128) 
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We  readily  see  that  Is  finite  and  uniquely  defined  for  all 

*  ^8 

except  when  =  n.  When  -  rr,  (s  uniquely  defined  for  all 

values  of  except  0  and  2n,  d  defined  uniquely  for  =  <p^  -  n 

but  not  for  any  other  value  of  <p^,  and  d  le  uniquely  defined  only 
when  /3j  =  0. 

Other  diffraction  coefficient  forms  which  are  of  Interest  Include 

1 _ 

1 5  (»i  -  «,)[ 


K 


lTr/4 


a 


2(2  n) 
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(2-130) 
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cos  (ff-0j)  +  cos  (^-Cig) 


(2-136) 


(2-137) 
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(2-139) 


(2-140) 
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e‘  1  1 
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2(2n)^/2 
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^  2<2ff)^'^^  cos  f  {<p^  *  </>^)  ^  2  I  8  J 


(2-142) 


with  the  upper  sign  used  for  <  n,  the  lower  sign  for  n  •,  and 


Alternate  forms  of  (2-141)  and  (2-142)  can  be  obtained  by  using  the  Identity 


1  8lBX_ 
cos  X 


cos  X 
1-  sin  X 


=  COt  (f-|) 


1  ♦  tan  I 

1  I 

l-tang. 


The  Identity 


I  cot  1-6- cot  1 6  =  tan  1-6 


(2-147) 


(2-148) 


can  be  used  to  simplify  (2-143)  and  (2-145)  when  -  1  and  to  simplify  (2-144)  and 
(2-146)  when  =  1. 

2.2.6  BACKSCATTER  AND  GENERALIZED  BACKSCATTER 

We  shall  define  generalized  backscatter  as  the  case  In  which 


Thus  backscatter  Is  a  special  case  of  generalized  backscatter  for  which -  0. 


(2-149) 


The  results  for  generalized  backscatter  are  no  more  complicated  than  those  for 

C  1 

backscatter  alone,  except  that  the  relationship  of  to  e_||  Is  given  by 
1 J  =  (a,l  •  tj  L-t.x  (e  J  X  tj  (2-150) 


for  generalized  backscatter  and 


eSe'.l 


(2-150A) 


for  backscatter.  We  have 

s  I 
5-1  =  -  li=  ^1 

and 


(2-150  B) 


2  R+ 


2  "R- 


=  (y-«)-0  . 


(2-151) 


Also,  since  we  are  assuming  that  Is  an  angle  outside  the  wedge,  we  have 

(2  ^-a)  >  <;6>  a  .  (2-162) 

The  simplest  and  most  Important  format  oI  the  diffraction  coefficient  for 
generalized  backscatter  are 
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r  f _ 4_ 

T72  slni/"  ,  ^  2,  " 
L  l>tan  I's- 


tan  I's-  tan  ^(fr-^) 
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The  expression  (2-118)  for  d  does  not  simplify  significantly  for  the  case  of 
generalized  backscatter.  (For  true  backscatter,  which  only  occurs 

when  (3^  =  o,  d  ^  vanishes. ) 


In  (2-153)  to  (2-155),  the  first  form  can  readily  be  found  from 

(2-112)  to  (2-115),  and  the  second  form  can  be  found  from  the  "b” 

forme  In  (2-31)  to  (2-94). 

K  K  K 

We  can  obtain  d  ^  ^  ^  i  -  ’  ^  H  simply  by  omitting  the 

terms  In  and  U_  from  (2-153)  to  (2-155). 

Other  diffraction  coefficient  forms  which  are  of  Int.-^est  are 


T,  Y  cl'^/4  J"/4 

V  =  V  =  -  ^/2  ‘'Cot 

®  ®  (2Trf'  ^  ^  (2r7)^/ 
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^  =  -  ^ - S - +u  tan(^~n) 

■*■  2^np^  1  -  tan  tan  v(n-^  ^ 

117/4 


1  U  ^  _  e  •  "  T  _ 
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-  U_  tan  {0+a)^  . 


We  can  obtain  dj^^,  d||  ^  from  (2-158)  to  (2-160)  by  omitting 

the  terms  In  and  U_. 

K  U 

We  have  omitted  expressions  for  the  ’  ,  which  only  Involve 
using  (2-151)  In  (2-89).  (2-90),  (2-110),  and  (2-111),  and  for  and 
d^^,  which  are  merely  the  sum  of  the  appropriate  and  d^  with 
no  significant  simplifications. 

It  Is  Important  to  note  that  d  ^  and  d  are  continuous  functions 
ot<ti,  specifically  that  they  are  not  discontinuous  as  <i>  passes  through 
the  grazing  angles  <p  =  v  ±  a. 

For  generalized  backscatter  from  a  knife  edge,  the  simplest  and 
most  Important  forms  of  the  diffraction  coefficient  are 
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and  (2-128)  for  d  jj  ,  which  does  not  simplify  slsnlflcantly.  In  (2-161)wid  (2-163),  the 
upper  signs  are  used  for  ^  <  «•  and  the  lower  signs  for  0>  n . 

Other  forms  of  Interest  are 
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nu  THE  INCREMENTAL  LENGTH  DIFFRACTION  COEFFICIENT 

3.1  THE  GENERAL  THEORY 

3.1.1  DEFINITION  OF  THE  INCREMENTAL  LENGTH  DIFFRACTION  COEFFICIENT 

Let  us  now  define  the  bcremental  Length  Diffraction  Coefflolent 
as  a  mathematical  entity.  We  shall  do  so  without  reference  to  its 
applications  or  to  the  considerations  motivating  the  definition,  matters 
which  we  defer  until  Section  3. 1.2. 

We  shall  use  the  standard  formalism  for  three-dimensional 

8C£it  8CAt 

scattering  problems,  in  which  the  scattered  field  (E  ,  H  )  at  a 
point 

r  =R  e®  (3-1) 

—  o  — r 

In  the  far-fleld  region  is  written  In  the  form 

F  .  ^  ef  .  (3-2) 

Ro  -  -  -^0  ” 

•  where  tlie  radiation  vector  F  is  independent  of  R^  and  normal  to  the 

unit  vector  e^®  in  the  direction  of  scattering. 

By  using  (2-146)  of  Reference  4,  we  can  write  F  as  an  Integral  of  the 
effective  surface  currents  K  and  K  over  the  surface  S  of  the  scattering  body, 

F  =  -  e  ®  X  /  dS'  exp  j-lke^  r*|  (K'  +  Ze®  x  I^).  (3-2 A) 

—  4ff  —r  /  •  ~r  —m  —r  — e 

S 

When  the  Incident  wave  is  a  plane  wave  of  the  form  (2-3),  I^  and  are  linear 
functions  of  E^g^ ,  which  we  can  write  in  the  form 
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K  =E^K  'p  for  q  =e,  m.  (3-2 B) 

— <j  o  — q  ^ 

On  substituting  (3-2  B)  Into  (3-2 A),  we  see  that  we  can  wrlte_F  In  the  form 

F  =  Eo  •  e.  ,  (3-3) 

where  the  dyadic  D  Is  dimensionless  and  Is  Independent  of  and  jg. 

Indeed,  so  long  as  we  consider  the  geometry  and  composition  of  the 
body  to  be  fixed,  D  Is  a  function  only  of  the  wave  number,  the  direction 
of  Incidence,  and  the  direction  of  scattering, 

P  =  D  (k;e^;  .  (3-4) 


We  shall  call  D  the  Three-Dimensional  Diffraction  Coefficient 
of  the  problem.  The  notation  D,  with  appropriate  subscript,  super- 
8crlpt,or  other  modification,  can  also  be  used  to  designate  an  approxi¬ 
mation  or  a  contribution  to  the  true  value  of  D. 

Now  let  us  consider  again  the  Infinite  cylinder  problem  of 
Section  2.1.1,  as  Illustrated  In  Figure  1  •  We  use  thp  definitions 
of  Section  2.1.1  for  the  quantities  ^  n,  /,  t,  i,  L,  £,  e  .  e  ,  which 
refer  to  the  cylinder  geometry,  and  the  quantities  e|;  ,  e 

/y.,  and  which  refer  to  the  Incident  field.  But  now.  Instead  of 
treating  the  scattering  from  the  entire  cylinder,  we  consider  the  scat¬ 
tering  due  to  the  effective  surface  currents  on  the  Incremental  length 
element  of  the  cylinder  which  lies  between  the  planes 


t  =  ±  l-dt 


(3-5) 
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The  incremental  element  will  scatter  In  all  directions,  so  now 
8  i 

the  scattering  direction  e^  Is  Independent  of  e^^  .  Nevertheless,  once 

we  have  specified  a  value  of  e  we  can  still  define 

and  e®  by  (2-11),  (2-13),  (2-14),  and  (2-15)  respectively,  where  now 

Q  Is  Independent  of  /8,.  We  can  also  still  define  0  as  the  azimuth  angle 

measured  from  the  x-axls  to  e 

—  r 

I  8 

Let  us  assume  that  e^  and  e  have  been  so  chosen  that  a  far- 
— r  — r 

field  region  exists.  (In  the  case  of  a  finite  cross-section  cylinder,  a 

I  g 

far-fleld  region  exists  for  all  values  of  e^.  and  e^  . )  The  far-fleld 
scattering  can  be  described  In  terms  of  a  radiation  vector  dF  ,  which 
we  can  write  In  component  form  as 


dF  =dF_ef+dF„  e® 

-oo  »J.  -J.  «i|  -II 


(3-6) 


This  radiation  vector  can  In  turn  be  expressed  In  terms  of  a  Three-Dimensional 

Diffraction  Coefficient  d  D  by 

00 


^  —  E  ^  d  D  •  D 

—  00  OK  =00  E. 


(3-7) 


which  is  of  the  same  form  as  (3-3). 

It  Is  clear  that  d  D  is  a  linear  function  of  the  length  dt  of  the 

W  00 

incremental  element,  and  thus  we  can  write 


^£>00  = 


-I  n/4 


(Zrr)^ 


k  d  dt 


(3-8) 
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where  d  le  a  dimensionless  dyadic  which  describes  the  scattering 
properties  of  an  Incremental  element.  The  formula  (3-8)  holds 

for  that  partloxUar  element  of  cylinder  which  Is  symmetric  about  t  =  0. 

For  any  other  element,  we  must  Introduce  a  phase  factor.  (See  (3-12). ) 

We  shall  refer  to  th<“  quantity  d  as  the  tocremental  Length  Diffraction 
Coefficient  for  the  cylinder  of  Interest,  ff  we  consider  the  geometry  and  composition 
of  the  cylinder  and  the  orientation  of  the  axis  to  be  fixed,  then  d  Is  In  general  a  fonc- 
tlon  of  the  wave  number,  the  direction  of  Incidence  and  the  direction 
of  scattering. 


4  =  4  (‘‘J  01*  *  <3-9) 

For  /3  » /3,  the  Incremental  Length  Diffraction  Coefficient  Is  equal 
to  the  Two-Dimensional  Diffraction  Coefficient  of  Section  II.  This  fact,  which  Is 
verified  In  Section  3.1.3,  motivated  the  choice  of  normalization  factor  In  (3-8) 
and  the  use  of  the  same  symbol  4  for  both  types  of  diffraction  coefficient. 

From  (2-6)  and  (3-6)  we  see  that  4  can  be  written  In  component  form 

8  I 

using  (2-23).  But  now,  of  course,  and  are  no  longer  constrained  to 
both  form  the  same  angle  with  the  t-axls. 
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"Hie  notation  ^  with  appropriate  subscript,  superscript,  or  other  modification, 
will  also  be  used  to  designate  an  approximation  or  contribution  to  the  true  value  of 
the  Incremental  Length  Diffraction  Coefficient. 

3.1.2  APPLICATIONS 

We  shall  now  motivate  our  definition  of  the  Incremental  length 

diffraction  coefficient  by  briefly  discussing  some  Important  applications. 

The  most  straightforward  application  Is  to  scattering  from  a 

cylinder  of  finite  length.  Let  us  assume  that  the  cylinder  Is  sufficiently 

long  so  that  there  Is  no  Interaction  between  the  two  ends.  Then  we  can 

consider  the  total  effective  surface  currents  on  the  cylinder  to  be  the 

sum  of  the  currents  K  ,  K  which  would  exist  on  an  Infinitely  long 
— eoc  —moo  ® 

cylinder  plus  correction  currents,  both  on  the  end  plates  and  near  the 

ends  of  the  shaft,  which  are  Independent  of  the  cylinder  length.  In 

many  problems,  the  end  effects  are  negligible. 

The  contribution  to  the  scattered  field  dxie  to  the  currents  K 

— ece 

and  K  can  be  described  by  a  Three-Dimensional  Diffraction  Coeffl- 

— moo 

dent  D  .  We  can  readily  verify  that  D  Is  related  to  the  Incremental 

moo  moo 

Length  Diffraction  Coefficient  4  by  the  slnaplc  formula 


-\n/\ 


f  s  I  I  e  ‘ 

P„=.xp|-lk(e^  .ep.  ^ 

(C  TT) 


(3-10) 


Here  T  Is  the  length  of  the  cylinder,  r^  Is  that  point  on  the  axis  of  the 
cylinder  which  lies  halfway  between  the  ends,  and 

X=|-kT  8ln<8j  -  8ln/;-(g  (3-11) 
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Is  half  the  phase  difference  In  radians  between  far-fleld  returns  from  th^  two 
ends  of  the  cylinder. 

The  Important  problem  of  scattering  from  a  thin  otral^t  wire  Is  of  course 
a  special  case  of  scattering  from  a  cylinder  of  finite  length. 


Another  class  of  applications  Is  to  scattering  from  a  curved 
rod,  which  we  can  define  as  the  body  produced  when  we  bend  the  axis 
of  a  finite  cylinder  but  keep  the  cross  section  perpendicular  to  the 
axis  constant  at  every  point  of  the  axis.  If  the  radius  of  curvature  of 
the  bent  axis  Is  large  enough  and  If  there  is  no  significant  Interaction 
between  parts  of  the  cylinder,  then  we  can  assume  that 

(1)  The  total  current  on  the  shaft  can  be  approximated  satis¬ 

factorily  by  the  sum  of  the  currents  K  ,  which  are 

— eoo  —  moo 

found  from  the  corresponding  Infinite  cylinder  problem 
plus  end-effect  currents  which  are  Independent  of  the  length 
and  curvature  ot  the  rod; 

(2)  The  compression  and  stretching  of  the  surface  when  the 

cylinder  is  bent  can  be  neglected. 

Because  of  the  second  assumption,  the  contribution  to  the 

scattered  field  from  the  currents  K  ,  K  can  be  approximated  by 

—eoo  —moo 

the  three-dimensional  diffraction  coefficient 
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Here  t  is  the  length  parameter  along  the  axln,  r  la  the  position  of  a  point  on  the 
axis  and  la  a  function  of  t,  and  the  Integration  la  taken  over  the  length  T  of 
the  axis.  Ihe  diffraction  coefficient  4  Ib  a  function  of  the  five  arguments  of 
{3-'3)  and  also  of  the  unit  vector  ^  along  the  axis,  in  turn,  ^  and  the  argumonta 
/3j,  and  are  functions  of  t. 

Frequently  the  Integral  of  (3-12)  can  be  approximated  satisfactorily  by 
stationary  phase  techniques.  In  many  of  these  cases,  the  only  significant 
contributions  to  the  Integral  come  from  the  neighborhood  of  those  points  on 
the  axis  at  which  =  /9^.  Thus  many  curved  rod  problems  can  be  solved 
adequately  using  the  two-dimensional  diffraction  coefficient  of  the  corresponding 
cylinder.  This  was  done  for  the  curved  wire  problem  In  a  recent  paper  by  Keller 
and  Ahluwalla  (Reference  6). 

The  formula  (3-12)  can  also  be  applied  to  curved  rods  of  slowly  varying 
cross  section.  In  which  case  d  Is  a  function  of  the  local  cross  section  as  well 
as  of  the  axial  direction  and  the  angles  of  Incidence  and  scattering. 

One  of  the  most  Important  applications  Is  to  scattering  from  bodies  with 
edges,  both  wedge-like  edges  and  rounded  edges.  Consider,  for  example,  the 
problem  of  scattering  from  a  flat  plate.  If  the  plate  dimensions  are  large 
enough  compared  to  the  wavelength  and  If  the  directions  of  Incidence  and  scattering 
are  not  too  close  to  grazing,  we  can  approximate  the  total  current  on  the  plate  as 
the  sum  of  the  current  predicted  by  physical  optics  plus  the  fringe  wave  currents 
associated  with  the  edges.  We  have  shown  In  Section  V  of  Reference  11  how 
to  calculate  the  scattering  due  to  the  physical  optics  current.  The  scattering  due 
to  the  fringe  wave  currents  Is  calculated  using  (3-10)  for  straight  edges  and 
(3-12)  for  curved  edges,  with  4  replaced  by  the  Uflmtsev  diffraction  coefficient 
d^.  In  Section  fV’  v/e  use  this  approach  to  solve  the  polygor.al  plate  problem. 
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"nie  Idea  of  breaking  the  solution  up  Into  a  physical  optics  term  plus  fringe  wave 
scattering  terms  Is,  as  we  have  noted  In  Section  I,  also  basic  to  the  sohitlon 
of  a  large  variety  of  other  problems. 

The  original  three-dimensional  body  work  of  Uflmtsev  (Reference  1)  was 
limited  to  problems  Involving  curved  edges  for  which  the  only  significant 
contributions  to  the  edge  scattering  come  from  the  neighborhood  of  points  where 
Thus  good  results  were  obtained  using  two-dimensional  diffraction 
ooofficlents. 

3. 1.3  THE  DIFFRACTION  COEFFICIENT  AS  A  FUNCTION  OF  THE  EFFECTIVE 
SURFACE  CURRENTS 

A  A 

Let  U6  use  (2-27)  and  (2-28)  to  define  surface  current  dyadlcs  and 

on  the  shaft  of  a  cylinder,  and  let  us  also  Introduce  the  dyadic  function  W  which  Is 

A  A 

related  to  and  by  (2-30)  and  (2-31),  We  can  then  show  that  the  Incremental 
Length  Diffraction  Coefficient  4  for  the  cylinder  Is  given  In  terms  of  W  -  and 
thus  ultimately  In  terms  of  and  -  by  (2-32).  The  proof  Is  obtained  by 

applying  (3-2A)  to  find  dF^  for  an  Incremental  length  of  the  cylinder,  using 

A  A 

(2-27)  to  express  and  In  terms  of  and  respectively,  and  then 
finding  d  from  dF  ^  by  use  of  (3-7)  and  (3-8). 

The  expression  (2-32)  can  also  be  used  to  calculate  the  ILDCjigsoclat^ 
with  an  approximation  or  contribution  to  the  effective’  surface  currents.  FurthernloiMa^ 
we  can  verify  by  integration  by  parts  that  (2-32)  Is  still  valid  when  W  Is  replaced 

by  the  W  of  (2-33).  Care  must  be  taken,  when  calculating  'W  for  a  surface  current 

A 

contribution  with  discontinuities  In  the  K  ,,  to  account  for  the  discontinuities 

1} 

by  Including  appropriate  Impulse  functions  In  the  terms. 

To  verify  the  Important  fact  that  the  2-D  DC  Is  equal  to  the  ILDC  for 


/9  =  A,  we  merely  note  that  both  are  given  by  (2-32). 

6  i 

*  ^  0 

We  always  work  with  surface  current  dyadlos  for  which  the  symmetry 
conditions  of  (2-34)  hold.  As  a  result,  Wand  W  have  the  symmetry  properties 
given  In  (2-35)  and  the  ILDC  ^has  the  symmetry  properties  given  In  (2-30). 

We  should  keep  In  mind  that  the  true  Infinite  cylinder  currents  are  not 
the  true  total  currents  on  an  element  of  a  finite  cylinder  or  curved  rod.  Ihls  Is 
why  v'e  have  used  the  subscript  «  when  we  refer  to  Infinite  cylinder  currents 
In  Section  3.1.2.  Of  course,  In  many  cases  the  Infinite  cylinder  currents  are 
a  very  good  approximation  to  the  true  currents. 

3. 1.4  SCATTERING  INTO  THE  FORWARD  AND  BACK  CONES 
We  shall  refer  to  the  cone 


<3-l3) 


as  the  forward  cone  and  shall  icfer  to  the  cone 


(3-14) 


as  the  back  cone.  For  =  0,  they  are  the  same. 

Scattering  Into  the  forward  cone  can  be  treated  using  only  the 
two  dimensional  diffraction  coefficient.  An  Important  special  case  Is 
forward  scatter,  for  which 

1*^8  ’  ^l  1  “  ^  *  (3-15) 

Scattering  Into  the  back  cone  Includes  the  extremely  Imoortant 


special  case  of  backscatter,  for  which 


(3-16) 


^8  = 

Let  us  i^ow  consider  how  scattering  Into  the  back  cone  Is  related 
to  scattering  Into  the  forward  cone.  Using  (2-31)  to  (2-33),  we  readily 
find  the  expression 


(3-17) 

(3-18) 


(3-19) 

Here  we  have  omitted  those  arguments  of  d  which  are  not  pertinent. 

We  see  from  (3-17)  that,  fo.‘ sufficiently  small,  the  elements 
of  the  diffraction  coefficient  for  scattering  Into  the  back  cone  can  be 
approximated  by  the  elements  of  the  two-dimensional  diffraction 
coefficient. 

3.1.5  THE  PERFECT  CONDUCTOR  CASE 

The  true  Infinite  cylinder  currents  on  a  perfect  conductor  satisfy 
(2-38)  to  (2-41).  We  then  readily  find  from  (2-31)  and  (2-33)  that,  for 
a  perfect  conductor. 


dq(/3i;-  /3j)  =dq(/3j;/3^)  +^dq(/3j)  sin  /3j  for  q  ,  h  i,ii  ii  , 

where 

«d  {(3  )  =-  <2 - -yykj  dTexp  {-Ikcos/^jC^  .  p'  }*W' 

2(2n')  '  ^ 

and 

6W^j=.2(e^.n)K^,j  \ 

A 

6W„,=2(l“.  n) 
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(k;  iSj,  /3g.  <p^\  I)  =  Wu  *(li  cos  3^;  0^;  0^;  1)  cos  ,  (3-20) 

W^„(k;^j.  38.08* =°*  (3-21) 

W„^  (k;3i.  0j;  4.  085  0  =-|8ln  4  cos  ^(e®.  n) 

4  cos  0^B\n  3i  ck'g~  *^1 


W||,|  (k;  3j,  0^;  ^g*  08’  ^  (*^  cos  jS^;  0j;<  )  cos  3^ 


(3-23) 


Wq  =  Wq  ,  q  =  ii  ,  i  II.  'I 


W„j^(k;  3i.  0i;4.  08?^  )  =  W,|  *  (  k  co8  3j;0^;  f)  h  (4,  4) 


(3-24) 


(3-25) 


where 


Wii*(k  ;0j,  0gif)  n)  Z^4^^(k  ;  0.  <p^;  t  ), 

W,M  *  (k  ;0j;  f)  =  Zq  (k;  0,  0j:i)  , 


(3-26) 


(3-27) 


(3-28) 


If  sin  3  8(03. 

/JACOBS,  -toD  ^,OOSe^.  (SlB/J^-Bln^,) 

1  +  Sin  3  sin  3, 

=  2  CO8-4  cL  2  <  ^8^  ^l>  2-  <  ^s-  ^l)  * 


By  using  (3-20),  (3-21),  (3-23), and  (3-25)  In  (2-32),  we  can 
readily  verify  the  Important  Identities 


•ipjdJL  »tSf9iw^^<tna(vt.wmiAe3:. 


dq  (k;  3i.  ‘Aj*.  (k  cos  0,  P**  <P^)  ,  q=ll  ,1111  ;  (3-30) 


dill  (k;  <^^;  0^,  0g)  =  0 


(3-31) 


d|,i  (k;  0j;  0g)  =  d,,/  (k  cos  (/»g)  h  ( /3j.  jS^) 


(3-32) 


djii  (k;  0^;  ^g)= 


-I  n/4 


7JF2  /j^d^'  exp  I  -  I  k  cos  /3g  f  ®  -p’l  W„  ^  (k;  l  ') 


(3-33) 


and  /3  *  Is  defined  by 
s 

cos/1 

cos  /i*  =  - ^ - 

8  cos  fl. 


(3-34) 


It  Is  clear  from  the  right-hand  side  of  (3-34)  that  we  have  to  let  cos  /S  * 

S 

take  all  positive  values  from  0  to  «,  and  this  means  we  must  allow 
Imaginary  values  of  /3  ♦.  We  can  let  3  ♦  range  either  throu^  all 

S 

positive  Imaginary  values  or  through  all  negative  Imaginary  values.  It 

does  not  matter  which  branch  we  choose,  since  B  *  enters  Into  the 

8 

expressions  for  the  only  In  the  form  of  single-valued  functions  of 
cos  3.** 

O 

The  most  Important  Information  contained  in  (3-30)  to  (3-32)  Is 
that  dj^  j|  vanishes;  that  dj^j^  and  d^^  can  be  expressed  as  functions  of 
the  four  variables  k  cos  3,  •  cos  ^  ^ ,  and  0  Instead  of  the  five 

variables  k,  3ji  <A^  and  a  fact  which  can  be  used  to  greatly 
simplify  the  computation  of  a  diffraction  coefficient;  and  that  d||  can 
be  expressed  as  a  function  of  four  variables  times  a  standard  geometri¬ 
cal  factor. 


-j. 


When  /3g  =  (3-30)  to  (3-33)  reduce  to  (2-48)  to  (2-50). 

For  scattering  Into  the  back  cone,  we  have 

d^(k;/3j,  <^)=  dq  (k  co8/3j;0,^,;0,  <?)g).  q=ii,  mi  ;  (3-35) 

d^i,  (k;  /3j.  -  /3j,  0g)  =  0  ;  (3-36) 

d,ii  (k;  0g>®  “  2  d  J  (k  cos  0,  <;S^)8ln  (3-37) 


These  formulas  tell  us  that  the  dlagona't  siements  of  d  for  scattering 


Into  the  back  cone  are  the  diagonal  elements  of  the  two-dimensional 


diffraction  coefficient.  Thus,  In  the  perfect  conductor  case,  there  Is  a  very 
close  relationship  between  three-dimensional  backscatterlng  problems  and 
two-dimensional  problems. 


We  have  been  working  thus  far  with  the  true  Infinite  cylinder  currents  on 
a  perfect  conductor  and  the  resulting  d.  Now  let  us  consider  approximations  and 
contributions  to  the  current. 


Following  the  plan  of  Section  2,1.6,  we  will  consider  only  approximations 
and  contributions  which  satisfy  (2-38),  (2-39)  and  (2-41),  but  we  will  not 
require  that  the  approximations  and  contributions  satisfy  (2-40).  These 
approximations  and  contributions  will  then  clearly  satisfy  the  equations 


(3-20),  (3-21),  (3-23Xand  (3-24)  for  the  W^  and  W^,  the  equations 
(3-30)  and  (3-31)  for  the  d^,  the  equations  (2-48)  and  (2-49)  for  the  d^ 
when  /3„  =/3,,  and  the  equations  (3-35)  and  (3-36)  for  the  d  when 

On  the  other  hand,  the  contributions  and  approximations 


may  not  satisfy  (3-22),  (3-25),  (3-32),  (2-50),  and  (3-37)  for 


In  place  of  (3-22)  and  (3-25),  we  have  the  expressions 


=  z 


and 


(k  «.,./(  “•  ? '  ^8*  '^l’  j  '®8-A> 

+  w„/*(k;  /9j.  f )  coe 


(3-39) 


Ik  cos  ^  j  8i 


-2-  Z  I.  (k  cos  ^,;  0,0.;  i)8ln^i*  (3"40) 
a#  o  e/A  ‘  ‘ 


Note  that  W  Is  a*'  function  of 


111 


w,a 


—  ♦♦ 


(k;-/9p  0^;f)  =  - w„i  (k;)3i,  0|;f)  • 


(3-41) 


It  is  readily  seen  that  (3-38)  and  (3-39)  reduce  to  (2-52)  and  (2-53) 

respectively  when /3g  “^C 


The  equation  which  replaces  (3  -32)  Is 


1+  Bln/3  slnft  ,  loo 

>  co8^Jj;0j;0g  ^  0g)  coB0'^c'ik'j5~  ^  2  s'^i^ 


d|n  (k;^j,  0jJ^8»  08^  "  ^ 


+  d„/'(k;^l.0i;/5g.08)  . 


(3-42) 


with  dji*  defined  by  (3-33)  and 


=  “  ^ - T75"  ^  ^8  ^  ^  i')  .  (3-43) 

2  (2  w ) 


Note  that  d**  Is  an  even  function  of  $  and  an  odd  function  of  jS,, 
111  ®  ‘ 


(k;  <p^,  -/3g  . 


”  “  *^ltl*  ”  ^l’  /^gt  ^g)‘ 


(3-44) 


Though  dj{]|  is  In  general  a  function  of  five  variables,  It  can  be  quite  simple 
to  evaluate  In  practice.  For  example,  In  calculating  the  fringe  wave  ILE£>C  d^,  the 
Integration  over  /'  Indicated  In  (3-43)  becomes  trivial  because  W  |*Ujg  Impulse 

function  at  the  edge. 


For  ^  =/3,,  (3-42)  reduces  to 

8  I 

din  =d,|/*  (k;/3j,^j;/ij,<3!.g)  , 


(3-45) 


and  for  =  we  have 


-/?^.'^g)=  -  2  d^^^  (k  coB(3^:<p^iO,<f>^)  sln/ij 

+  d  III  (k;/3^,  0g)  . 


(3-46) 
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If  we  consider  the  physical  optics  contribution  to  the  surface  current,  we  find 
that  the  corresponding  vanishes  for  backscatter.  This  result,  which  Is  a 
special  case  of  the  general  observation  that  physical  optics  backscaiter  Is  not 
depolarized,  can  be  obtained  by  using  the  physical  optics  surface  currents  In 
calculating  dy*  and  djjJ*  and  then  applying  (3-46). 


3.2  THE  EDGE  DIFFRACTION  COEFFICIENT  FOR  A  PERFECT  CONDUCTOR 
3.2.1  THE  GENERAL  CASE 


Let  us  now  return  to  the  problem  of  Section  2,2  and  Figure  3,  scattering 
from  a  perfectly  conducting  wedge  whose  two  faces  are  Infinite  half-planes. 

We  will  concentrate  here  on  the  Uflmtsev  ILEDC  ,  which  describes  the 
contribution  to  the  scattered  field  produced  by  the  fringe  wave  current.  We  have 
discussed  in  Section  I  how  Is  used  in  solving  scattering  problems  and  we  shall 


give  an  example  In  Section  IV. 

From  Section  3.1.5,  we  see  that  d^,,  vanishes.  Thus  we  can  express  the 
Incremental  length  4^  In  terms  of  three  elements  d  n^,  and  d  by  means 
of  (2-96),  an  expression  we  originally  wrote  down  for  the  two-dimensional 
diffraction  coefficient.  Furthermore,  we  can  use  (2-99)  to  express  dj^^  and  dj|^ 
each  as  the  sum  of  a  +  contribution  from  and  a  -  contribution  from  S_  ,  and  wo 

u  u 

can  use  (3-42)  to  express  d^  In  terms  of  and  dj*.  We  thus  find  that  4  can  be 
written  In  the  form 


d  -  (di  +  +  d^_  )  e^  e  (d,,^  d,^.)  e  „  e  „ 


.  l+8ln /3g8ln/3| 
^  1  ^  X  C08/3g  cos  /Sj 


-  ■=«»  2'  I  2.,?  i-l 


Let  us  nov/  evaluate  the  sir  sealer  d  which  appear  In  (3-46A).  In  order  to 
express  these  quantities  In  a  convenient  and  compact  form,  we  Introduce  two  pairs  of 
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parameters,  (V^,  0^)  and  (V_,  0_),  which  are  defined  In  terms  of  the  geometry  of  the 
problem  by 


'^+~cos/3j  cos  [(TT+a)- co8/S^*co8t^^-a),  a  ;  (3-47) 

_  f 

C08)Sj  l(’^-co-0g)^-co8^  C08(^^+a),  0_:=2w-a_,^  .  (3^8) 

Since  cos/^*  can  take  all  positive  values  from  0  tooo  ,  and  V  will 
both  take  all  real  values  from  -  «>  to  +  «  .  If  we  consider  only  values 
of  outside  the  wedge,  that  Is,  a<0j  <  (2  w  -a),  then  the  range  of 
both  and  will  be 

2  Cff-a)  2  >  0  .  (3-49) 

We  also  define  parameters  v^,  v  ,  such  that 


V  s:  cos”^  V  , 

with  the  branch  of  cos  so  chosen  that 


(3-50) 


V  ;  V  =cos  (  for  |vNl 

V  =  Iw,  w  >0  ;  V  =  cosh  w  for  V>1 

V  =  ’f-lu,  u  >0  ;  V  =  -  cosh  u  for  V<-1 

here  we  have  suppressed  the  subscripts  +  and  -  on  v,  V,  f  ,  w  and  u 
V/e  now  define  functions  f  and  g  such  that 
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f(V.  4> ) 


(3-52) 


(2  fr  0 


dx  exp  |lVxfv_(x,  0  )  , 


-I  w  /4  ^  ^ 

~  ^UTjj^  ^  expjlVx}  (X,  0). 


(3-63) 


Here  Vg  Is  the  complex  conjugate  of  the  function  Vg  which  Pauli  uses  In 

Reference  9  to  describe  the  fringe  wave  current  (Pauli's  paper,  published 
In  1938,  does  not,  of  course,  use  the  term  "fringe  wave  current.  ") 


=sv  (X,  0  )  /  a 


(3-54) 


We  also  define 


f^  =  f(V^,  0^)  ,  f,  =  f(V_,  0_  ) 


=g(V^»  '/^+)  .  g.  =g(V^. 


Starting  from  the  general  results  of  Section  3.1,5,  we  can  show  In  a 
straightforward  manner  that  the  d  ^  are  related  to  f^  and  g^  by 


(3-55) 


d^y  =f^eln|(ir+a)  -0g|  =  f^  sin  (0g-a), 
d^  -  f_8ln  [(  w-a)-0g|  =-  f_  sln(  <p^+  a), 


11+  ^+ 


COS  ^ 


=  g^  COS 


T1 

‘I  M-  °g-  C0S)3|  ■ 


(3-56) 


(3-57) 


(3-58) 


(3-59) 


and  that 


d 


d 


X  -d„^(k  cos  ,  0g)=|f^cos  ((ff+a)-^^j-f_co8  [(it-tr)-^ 

=  -  (f^  -ay  f^cos  (0g+a)  jcosyS^*  , 

*•  **  ^ 

X  =dm(k;/g^,0^;/3^.  0^)  =  -  ■--j^7f  (u+(<^|)-U^  («^j)Jco8/3gtan/3j. 


<3-60) 

(3-61) 


Here  the  arguments  (k;  0.;  0^)  are  to  be  understood  on  the 

d^  In  (3-56)  to  (3-59).  The  range  of  <p  In  (3-56)  and  (3-58)  Is 

(2  TT  +  a  )  2:  0  ior  ^ 

s 

and  the  range  In  (3-57)  and  (3-59)  Is 

(2  I’  -a)  2:  0^  s  -  a  . 

O 


(3-62) 


(3-63) 


It  now  remains  to  evaluate  f  and  g  In  closed  form.  The  evaluation  for 

-1  ^  V  (3^4) 


can  be  carried  out  by  matching  (3-56)  to  (3-59)  against  the  formulas 
of  Section  n  for  the  case  in  this  manner  we  obtain 


f(V.  0)  - 


.1  Tr/4 


(2v) 


TTT 


ilFT 


1 _  t/s( 

\  V  cos  V 


slni'v 


V-COS  V  0 


-  U(ir.0V 


sin  V 


COS  V  -  cos  0 


(3-65) 


and 


g(V,0)  =  - 


lTr/4 


(2  IT) 


W 


—  _ 8ln0 

cos  1/  V  -  cos  t'  0  I  v)  “c^s’v  -COB0 


(3-66) 


where  u  la  defined  In  terms  of  the  wedge  half-angle  a  by  (2-58),  and 
U  Is  a  step  function  defined  by 
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U(0)=1  {oriT£G=-0 

undefined  for  0=0 
=  0  otherwise 

It  Is  useful  to  note  that  U  Is  related  to  and  of  (2-102)  and 
(2-103)  by 

U(ir-0^)  =  U^(<;6j) 

U(TT-  xjjJ  =  U_(0j) 


The  apparent  singularity  of  f  at  v  =0  and  the  apparent  sing¬ 
ularities  of  f  and  g  at  V  =  t//  are  removable.  Specifically,  we  have 


1(1.0)  = 


I  w/4 


2(2  IT) 


TTT 


lTr/4 

f(cos  0,0)= - yTo 

A  VO  ^ 


2 

I - - - U(Tr-t^) - • 

sln^|.0^ 

for  TT  1//»0, 


e’  '  ■  1/ cot  1^0-  cot  0 


2(2  IT)' 


sin  ijj 


lTT/4 


f(l,0)=-^: - tto-  (1-'")  ; 

6  (2tt)^/‘^ 


and 


lTT/4 


g(C09  0,0)= - ^ 

2(2  IT) 


^•COt  l''0-  cot0 


for  IT  5-  0  »0, 


g(1.0)=0. 


Furthermore,  we  see  that  f  Is  discontinuous  In  0  at  0  =  ^ 
and  goes  to  Infinity  as  V  — ^  -1  for  arbitrary  .  On  the  other  hand, 
g  Is  continuous  In  V  and  0  for  |Vl<  1  and  goes  to  Infinity  only  for  the  case 
(V.  0)  —  (-1,  n  ). 


(3-67) 

(3-68) 

(3-69) 

(3-70) 

(3-71) 

(3-72) 

(3-73) 

(3-74) 
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\ 

\ 

I 

I 


1 

\ 

V 

1 


\ 

I 


I 

I 

i 


\ 

\ 


\ 


It  has  been  established  that  f  and  g  have  no  singularities  for  lvl>  1, 
but  f  and  g  have  not  yet  been  evaluated  rigorously  for  this  range  of  V  . 
Preliminary  results  Indicate  that  (3-ft5)  and  (3-66),  with  v  defined  by 
(3-50)  and  (3-51),  are  probably  still  valid  for  |vl>l.  m  terms  of  the 
variables  w  and  u  of  (3-51),  we  would  then  have 


lV4 


tnr  e _  1 _  f  V  slnh  v  w _  slnh  w  1 

^  (2it)^^^  "^nh  w  1  cosh  ly  w  -  coai/tp  cosh  w-cos 0  I  * 


g(V,(i>)= 


[  1/  sin  t/  (A  _  8ln</> 

Z  ,1/2  I  cosh  1/ w-cos  uv/  ”  cosh  w-cos  0 

(JTT) 


(3-76) 


for  V  >  1 ,  and 
I  ^/4t 

f(V  0)=  ^  ^  [  V  (sin  vrr cosh  vu  -  I  cos  vffslnh  t>u) 

(2  slnh  u  1  (cos  v  tt  cosh  y  u  +  I  sin  i/ff  slnh  i/u)-  cos  v  0 


(3-77) 


,lV4 


g(V,0)  =  -  -S _ ^1  _ V  81"^^ _ 

vl/2  1  (cos  yff  cos  I'u  +  I  sin  vJTslnh  vu)- COB  1/ 


(2Tr) 


,,,  sin 
^  cosfi  u  +  cos  0 


(3-78) 


for  V<  -  1. 

Let  us  now  turn  our  attention  from  the  functions  f  and  g  to  the 
diffraction  coefficients.  We  find  that  both  dj^^  and  will  be  Infinite 

for 

/^l  -  ±1  .  (3-79) 


that  is,  for  an  Incident  wave  which  grazes  the  edge.  This  Is  to  be  ex¬ 
pected,  since  our  simple  model  of  the  scattering  mechanism  is  not 
adeq>iate  for  this  case.  Also,  d  Is  singular  when 

0^=TT+a  ,  co8(^^-a)cos/6fgi-  cosyS^  ,  (3-80) 


and  d||_^  Is  singular  when 


(t>  =n-a,  cos  (0  +  a)cos/3  =co8/3,  . 

‘  S  8  l 


(3-81) 


What  (3-80)  tells  us  Is  that,  for  grazing  Incidence  at  obliquity 

angle  (i,  and  scattering  at  any  obliquity  angle  such  that 

I  " 


there  exist  two  values  of  the  scattering  azimuth  angle  0  ,  one 

D 

In  the  range 


the  other  In  the  range 

(2ir >(-^ +a)  . 

for  which  d  Is  Infinite.  When  (3^  =  ^  the  two  critical  values 
of  Og  are  a  and  (2  -r  +a),  which  is  consistent  wUh  the  results 
observed  In  Section  2.2.4,  Again,  a  more  sophisticated  model  of 
the  scattering  mechanism  Is  necessary  In  order  to  handle  the  critical 
cases.  The  Interpretation  of  (3-81)ls  completely  analogous  to 
that  of  (3-80). 

The  coefficient  Is  singular  whenever 

cos  (0^-ir)  COB /3g  =  cos^  with  . 


(3-82) 


(3-83) 


(3-84) 


(3-85) 


and  vnen 


O ,  =  tr  +  a  d>  ,  S  =  i:  B 

'I  '  \2T"+a’  -^6  M 


In  the  case  of  (3-85),  the  singularity  Is  caused  by  the  sin  v  term  In 
(3-65>  going  to  zero,  an  effect  which  is  cancelled  by  ihc  sin  {<p-ci) 
term  In  (3-56)  when  In  the  c:  se  of  (3-86),  we  have  a  higher 

order  of  singularity  because 


(3-86) 


i  2 

i  i 


sId  v=  0  ,  cos  u  v-cos  =  0,  and  cos  v  -  cos  ^  “0, 


(3-87) 


and  we  And  that  the  behavior  of  <f  Is  quite  complicated  near 
the  singular  points. 

u 

We  also  see  that  d^^  Is  discontinuous  for  grazing  Incidence  on 


exc9pt  when 


or 


or 


9^  =  tr  +  a  , 

(a)  S!>g=  a  , 

(b)  9g=  a  and  |/3g|^|/3j  |  , 

(c)  9g=  (2  -KT)  and  |/Sg|^'(8j  | 


In  which  cases  d  =0.  (Even  If  (3-75)  and  (3-77)  should 

prove  Incorrect,  physical  considerations  tell  us  that  the  discontinuity 

exists  for  |vj>l. ) 

The  behavior  of  Is  completely  analogous.  It  Is  singular 

when 


cos  <9g  +®)  cos  cos/?j  with  j/3  j^j  /3^  j 
and  when 

={217-0  * 

It  Is  discontinuous  for  grazing  Incidence  on  S  , 

(f>^  =7T-  a 


except  when 


a)  -  rr-a 
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(3-88) 

(3-89) 

(3-90) 

(3-91) 

(3-92) 

(3-93) 

(3-94) 

(3-95) 


or 

b)  =-«  Rnd|/9jf=|.fl|  j  . 
or 

c)  aiid  I /3g|^|/5j| 

‘Riese  roctults  are  consistent  with  those  of  Section  2.2.4. 

A  more  sophisticated  model  of  the  scattering  vnechanlsm  Is  needed 
to  handle  singular,  near-singular,  and  discontinuous  cases. 

The  coefficient  d  Is  discontinuous  for  grazing  Incidence  cn 
either  or  unless  we  have  both  =  0  and  ^-o,  a, 

2  rr  -  a,  2  n  +  a.  It  Is  singular  for  an  incident  wave  which  grazes 
the  edge, 


and  whenever 

C08{©  -a)COS  p  =COB  A 

A  more  sophisticated  model  of  the  scattering  mechanism  Is  needed 
to  handle  singular,  near-singular,  and  discontinuous  cases. 


3.2.2  SIMPLIFICATIONS  FOR  A  KNIFE  EDGE 
For  a  knife  edge,  we  have 

a  =  0,  V=  =  V_=  cos/S^*  eos(w-^^),  1^^=  2  w  -  9^  , 


and  (3-56)  to  (3-60)  thus  become 


U 


d^  =2f(V,  (^^)8ln  (v-<^) 

l.U 


d,y  =2g(V,^;,^)  cos  A  * 


(3-96) 

(3-97) 


(3-98) 

(3-99) 

(3-100) 

(3-101) 

(3-102) 

(3-103) 

(3-104) 
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(3-106) 


dx*  =  -  2f(V,  0^)008  ^  C08/^  =  -  dj^cot  C08/9^* 

In  obtaining  tbe8e  re8ult8  we  have  used  the  fact  that,  for  a  knlte  edge,  we  have 
i  (V.  0^)  =  “  f  (V.  0J,  g  (V,  0  ^)  =  g  (V,  0_  ).  (3-106A) 

For  |V|  <  1,  we  obtain  from  (3-65)  and  (3-66)  the  expreeglons 


I  V4 


f  (V.  0*  )  - J75 


C08  |v 


sin  J  1^“^^  1+  co8|-v 


(3-106) 


lV4  CO8i-(W-0j) 


g  (V.  0±)  - *75 - j - ^ - 1 — 

2(2")  '  sin  1-^-0^  4C06  j  V 


We  can  express  these  results  In  terms  of  V'  using 
coa~v=  — ) 


If  we  assume  the  validity  of  (3-65)  and  (3-66)  for  |  V|  >1,  we 
find  that  (3-106)  and  (3-107)  still  hold,  with  cos  I*  v  given  by 
(3-108)  for  V  >i  and 


cos 


(3-107) 


(3-108) 


(3-109) 


3.  2.  3  SCATTERING  INTO  THE  FORWARD  AND  BACK  CONES 


For  scattering  into  the  lorwarc'  me,  fi  =/^i.  the  Incremental 

length  edge  diffraction  coefficient  redu< _ _  to  the  two-dimensional 

diffraction  coefficient  which  has  already  been  discussed  at  length  in 
Sect*on  2. 2. 

For  scaileriiig  into  the  imek  cone,  p  =  -p,,  we  nave,  from 

0  I 


(3-55),  (3-45),  (3-46),  and  (3-6u), 


I 


(3-110) 


(3-111) 


d  *  ^  )  ~  ~  '^4.»  (^^  “^)  +  ^  '*^**^*  (3-112) 


v^  =  |(lTl:a)-0g  I 


(3-113) 


The  unit  vectors  ®  n^’  —  ^  &t6  the  same  as  for  scattering  Into  the 
forward  cone.  Thus  we  see  that  the  dyadic  form  of  the  Incremental 
length  edge  diffraction  coefficient  for  scattering  into  the  back  cone 
differs  from  the  result  for  scattering  Into  the  forward  cone  only  In  the 
definition  of  e^®  and  in  the  presence  of  the  d^^*  term. 

It  should  be  noted  that  d  (k;  <p^i  3^.  *J>g) 

d  ^  fli;  ^g)  are  actually  Independent  of  k,  that  d^^  (k;0^, 

Is  In  actuality  a  function  only  of  and  4>y  and  that  d^^  (k; 

Is  In  actuality  a  function  only  of  (3^,  and  <l>^.  The  full  complement  of  arguments 
has  been  used  to  stress  the  similarity  of  the  two-^Jlmenslonal  results 
and  the  three-dimensional  back  cone  results. 

It  should  also  be  noted  that,  as  we  can  seo  from  (3-6fi)  and  (3-57), 
the  f(coe  v^,  tlf^)  of  (3- 112)  can  be  expressed  In  terms  of  the  values  for 
fl  =  fl  of  d  and  d  ,  Thus  d  can  be  expressed  In  terms  of  these 
two  functions .  We  then  see  from  (3-110)  and  (3-111)  that  d  for  scat¬ 
tering  Into  the  back  cone  can  be  constructed  from  the  Two-Dtiaaenslonal 
Diffraction CJoefflclents  d^^^,  d^_^,  d||'^,  and  d^^^. 


For  scattering  from  a  knife  edge.  (3-112)  becomes 


^iTr/4  COS 


(J 


(2w) 


2  T 


2  8 


with  the  +  sign  for  and  the  -  sign  for  <i>^>  n. 


3.  2.  4  BACKSCATTER 


For  backscatter,  we  have 


A  =0g  =  0.  * 


C 


which  Is  a  special  case  of  scattering  Into  the  back  cone.  It  Is  convenient  to 

define  unit  vectors  e  e  and  e  such  that 

— r  ~i  II 


8  .  I 


8  .  I 


-r  ®  r  "Ir’  li  • 


we  can  then  express  d^  In  the  form 


jU  j  U  ,  U  j  U 

t  =-^1  Ijili  +  d,;  e,,®.  -dx  1„  la 

with 


d  1  =  - 


I  nr/4 


e 

2(2.7) 


'  [  2  V  I  1 


-  L’^  tan  (0  “  a)  +  u_  tan  a)  | 


^tantr(2*r-^  1  +  tan  v  g- tan  i'0 


ln/4  ,  . 

{.sin  .a  |- 


e 
(2  tt 


1-coBvn  coBTjrrcosrTTrTJr^^r 


+  |-  tan  (0-  flO  -  tan  (0+  a)  ‘ 


-114) 


-115) 


-116) 


(3-117) 


(3-1 18a) 


(3-ll.«b) 
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U  e 


lrr/4 


du  =- 


2(2  Jr) 


V 

Bln  vn 


1-  tan^  Ukx?v(v~<i>) 


•+  tan  (<^-0)  -U_  tan  (0+3) 


(3-1 19a) 


v  stnJJTrl- 


U 


1-  COB  V  n  COB  vn 

-  I  |u^  tan  (0-  a)  -  u_  tan  (0+o)jJ 
^  lff/4 


1 _ 

+  COB  2  v(^-^ 


(3-ll9b) 


2v 


“  (2 .ln.» 


cot  (0-Q) 


1  -  tan  V-  cot  V  (rr+a-0) 


^  cot  (0-»a) 


1  +  tan  V  cot  i>(n  -a-0) 


sln/S 


(3-120) 


U 


For  a  knife  edge  (3-117)  still  holds,  with  dj^  now  given  by  (2-161),  d  h 
U 


by  (2-1G3),  and  dj^  by 
dj^=-  £ — ^  cot  I  sln^  . 


(3-121) 


To  verify  (3-118)  and  (3-119)  and  to  justify  the  use  of  (2-161)  and  (2-163), 
we  first  observe  from  (3-110)  that  and  d  are  the  same  as  for  two-dimensional 
generalized  backscatter,  which  has  been  treated  In  Section  2.2.6.  We  then  obtain 
(3-118a)  from  (2-153)  and  (2-154);  (3-1 19a)  from  (2-156);  and  (3-118b)  and  (3-119b) 
from  (2-97),  (2-166),  and  (2-168).  To  verify  (3-120),  we  start  with  (3-111), 
use  (2-118)  to  evaluate  djJ^  and  (3-112)  to  evaluate  d  J  ,  and  note  that 

(3-112)  simplifies  for  backscatter  to 

dj*  (0,  0)  =-[d^y(k;)3,0;/3,0)cct  (0-a)+  dJ^_(k;/3, 0;/3,0)  cot  (0+a) ]  (3-122) 

with  the  given  by  (2-153)  and  (2-154).  To  verify  (3-121),  ws  Just  substitute 
the  knife  edge  value  ~  j  Into  (3-120)  and  use  standard  trlgonon\etrlc 


Identities 


IV  SCATTERING  FROM  A  PERFECTLY  CONDUCTING 


POLYGONAL  PLATE 


4.1  GENERAL  FORMULAS 

Let  us  now  develop  formulas  for  far-fleld  scattering  from  an  N-slded 
perfectly  conducting  polygonal  plate  which  Is  Illuminated  by  the  Incident  plane 
wave  of  (2-3).  A  typical  plate  geometry  Is  shown  In  Figure  6.  To  avoid  a  phase 
factor  which  has  no  essential  bearing  on  the  problem,  we  assume  that  the  origin  of 
coordinates  lies  In  the  plane  of  the  plate.  Following  Section  V  of  Reference  11  we 
make  the  following  definitions : 

S  Indicates  both  the  Illuminated  side  of  the  plate  and  the  area  of  the  plate; 
n  Is  the  unit  normal  out  of  the  Illuminated  side; 

P^,  for  n  =  0  to  N,  Is  the  n^^  corner  of  the  plate,  with  n  Increasing  In  the 
counterclockwise  direction  as  seen  from  the  ^n  halfspace  and  with 

Pn=Po* 

r  Is  the  position  vector  to  P  and  is  normal  to  n; 

—  n  n  ■” 

a  Is  the  angle  of  the  corner  at  P  ; 
n  n 

C  Indicates  both  the  edge  running  from  P  ,  to  P  and  the  length  of  the 
n  -I.  o 

edge,  and 

Co  =  Cj,  ;  (4-2) 

7  Is  the  unit  tangent  to  C  ,  directed  from  P  ,  to  P  ; 

— n  n  n-i  n 

r  -  Is  the  center  of  C  ,  so  that 

—  un  n 

ro„=^J-(r^,  +  r)==r  ,+~C  7  =r  -J-c7  ;  (4-3) 

—  Cn  2  -n-1  —  n  —  n-1  2  n-n  —  n  2  n— n 

s  I 

e  Is  the  unit  vector  along  the  projection  of  the  sum  vector  (^  *  ) 

(which  bisects  the  blsUtlc  angle)  onto  the  plane  of  S,  so  that 


1  =  24  [“  *  (1®  ^lr>l*9.. 


where  the  parameter  t  Is  given  by 


81 


(4-5) 


and  lies  In  the  range 
1  >  T  ^0  ;  (4-6 ) 


y  Is  the  angle  measured  counterclockwise  from  e  to  /  ,  so  that 
n  —  — n 

cos  y.  =  e  •  7  .  sin  y  =n  •  (e  x  7^)  ;  (4-7) 

n  —  ~n  n  —  **n 

Is  a  parameter  proportional  to  the  phase  difference  between  far-fleld  returns 

from  the  two  ends  of  C  and  Is  given  by 

n 


Y„  =  rkC  cos  y  . 
n  n  n 


(4-8) 


We  note  that  t  =  0  for  forward  scattering  and  for  all  cases  In  which  n 
bisects  the  blstatlc  angle,  including  backscatter  at  normal  Incidence.  The  quantities 
e^  and  y^  are  not  defined  for  r  =  o  but  this  fact  does  not  lead  to  any  difficulties. 

If  we  consider  the  edge  to  be  a  segment  of  an  Infinitely  long  edge,  then 

we  can  define  values  of  A,  /3-,  and  0,  on  C  .  Indeed,  we  readily  find  that 

I  8  s  t  n 


(4-9) 


with  /3,  and/9  In  the  range  -  n/2  to  ^/2,  that 
in  sn 

cos  0.  =  ~  i —  ej  •  (ox  7„) 

In  cospj^  -r  —  —  n 

with 

»>0^n>O 


(4-lD) 


(4-11) 


because  we  have  specified  that  n  points  out  of  the  Illuminated  side,  and  that 


i 
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_ 1 

C06/ 


COS  <p  -  ■ 

^sn 


(n  X 


ir>^^>0  for  o  y  •  n  >  oj 


(4-llA) 


^2x>^^>frfor  *  5.'^' 


Furthermore,  we  can  define  unit  polarization  vectors  e^ 
8 


I  e  ‘ 

.n  ’  -  iin  • 

and  e  by  using  (2«6),  (2-14),  and  (,1-15)  with  t  replaced  by 

S  we  neglect  edge  Interactions  and  also  neglect  distortion  of  the  frlngo 

wave  currents  near  the  comers,  then  the  field  scattered  from  the  plate  can  be 

represented  as  the  sum  of  the  physical  optics  scattering  from  S  plus  the  Integral 

around  the  edge  of  the  Uflmtsev  ILEDC  with  proper  phase  wel^tlng.  Wa  can 

express  the  radiation  vector  F  In  the  form 
1 


F  D.£ 


,  (4-12) 

where  the  three-dimensional  diffraction  coefficient  p  Is  the  sum 

(4-13) 

of  a  physical  optics  coefficient  and  a  fringe-wave  coefficient.  If  we  Introduce  the 
notation 

<^  =  ®  (SL*  Ej  S-r’  ’  (4-14) 

with  ^  a  real  unit  vector,  to  designate  the  radar  cross-section  (RCS)  seen  by  a 


linearly  polarized  antenna  which  Is  sensitive  to  the  component  of  E 
to  ^  then  we  have 


scat 


a  = 


4  V 


P*  E. 


parallel 


(4-15) 


Thus  the  problem  of  determining  the  RCS  reduces  to  the  problem  of  determining 
p  or,  equivalently,  determining  both  and  D^. 


The  fringe-wave  coefficient  can  be  represented  either  as  the  sum  of 
N  edge  contributions  or  as  the  sum  of  N  comer  contributions.  To  obtain  the  edge 


84 


i  I 


contribution  form,  we  use  (3-10)  and  observe  that  r  ^  correspondB  to  -Cn’ 

T  corresponds  to  and  X  corresponds  to  |y^|  because 

2  Tcos^^  =  2  Te  •  =  (e  J  *  In  “®^°^ln  (4-16) 

We  thus  obtain 

,,  -I  ir/4  N-1  aim  V  TT 

d"=  E  exp|-2lrlee_,r,JC„  <4-17) 

<2^^)  n=0  “ 

where  d  ^'^Is  the  knife  edge  Uflmtsev  ILEDC  for  From  (2-96)  we  see  that 

d  ^  has  the  three-element  form 
=  n 

.U.Us  i  .U  8  8  I 

d  =d  e  e  +  dy_  e„  e,  +d  e  e  „  (4-18) 

=  n  in  — m  —in  >tn  — im  —in  iin  — iin  -  iic 

where  d^^^^  .  d.^^^  .  and  d^^^^  are  functions  of  k,  and 

which  can  be  found  using  the  material  of  Section  3.2,2  to  3,2.4,  The  Individual  terms 

In  the  sum  (4-17)  remain  finite  as  t-*o. 

In  competing  the  data  of  Section  4.2,  was  calculated  using  (4-17). 

By  rearranging  the  terms  of  (4-17),  we  obtain  an  expression  for 
as  the  sum  of  N  corner  contributions, 

II  N-1  Tt 

D  =  E  }-2lTke'  r  |c  ,  (4-19) 


where  the  flat  plate  corner  diffraction  coefficient  c  ^  Is  given  by 

“  ^ 

TT  ff/4  1  IT  1  II 

^  cos  y  .  =n+l  ■  cos ^  n  ^ 

2(2  n)  T  n+1  n 

The  representation  (4-19)  corresponds  to  a  physical  Interpretation  of  the  fringe 
wave  scattering  In  terms  cf  rays  diffracted  from  the  corners  of  the  plate. 

Note  that  the  diffraction  from  a  corner  does  not  depend  on  the  lengths  of  the  edges 
which  meet  there. 

The  representation  (4-19)  Is  valid  If  and  only  If  the  condition 


‘  'i 

i  I 


I 


(4-21) 


(e  ®  +  /^^^Oforalln 

Is  satisfied.  This  condition  excludes  all  cases  In  which  one  or  more  edgec. 

8  t 

are  normal  to  the  bisector  (e  ^  e  p  of  the  blstattc  angle  and  thus  a'  £:>  normal  to 
It  also  excludes  the  case  of  forward  scattering,  for  which 

e®  +  e^=0.  (4-22) 

The  condition  (4-21)  is  necessary  because  two  or  more  of  the  c  ^  are  infinite 
when  (4-21)  does  not  hold.  A  correct  result  can  be  obtained,  however,  by  taking 
the  limit  as  the  left-hand  side  of  (4-21)  approaches  zero. 


*  *  * 

The  physical  optics  coefficient  ^^has  been  studied  in  Section  V  of 
Reference  11,  Like  ,  It  can  be  represented  either  as  the  sum  of  N  edge 
contributions  or  as  the  sum  of  N  corner  contributions.  The  edge  contribution  form 


,PO  e 


-1^/4 


llT/t  r  ly-l  Bln  Y 

k|  E  exp|-21Tk..  r^}  <4-23) 

^  n  rr  n  r\ 


where 


,PO  e 


- TT^  K’ 

2  (2rr)^'^r 


=  "5.r  ilr  *  (2-*  <5.r*  t )  H  ’ 


(4-24) 


(4-25) 


and  I_  Is  the  unit  dyadic,  'nie  corner  contribution  form  Is 

e™=^E>xp|-2..ke.r„|c-°j3„, 

'  n=  0  ^ 


(4-26) 


PO  PO  u 

where  c  Is  related  to  the  d  In  the  same  way  that  c  „  Is  related  to 
n  n  ^  =n 

the  In  (4-20),  that  Is 


2(2  n)  7 


l/2_  ^  cos  y  . ,  ^n+l  ~  cos  Y  ^n 


(4-26A) 


Upon  substituting  from  (4-24)  Into  (4-26A),  we  obtain  the  much  simpler  expression 


(4-27) 


The  edge  contribution  form  (4-23)  Is  valid  for  all  cases  In  which  t  j<0  and 


approaches  the  correct  limit 
=  -  SJ 


(4-28) 


as  T-^o.  The  corner  contribution  form  (4-26),  like  the  corner  contribution  form 
(4-19)  for  p^,  is  valid  If  and  only  If  (4-21) holds,  and  a  limiting  process  will  yield 
the  correct  result  when  (4-21)  does  not  hold. 

PO 

In  computing  the  data  of  Section  4.2,  D  was  calculated  using  (4-23) 
except  at  normal  Incidence. 

«  *  « 

If  we  combine  the  fringe  wave  and  physical  ootlcs  contributions,  we  obtain 


the  edge  contribution  form 

-I  nr/4  N-1  slnY 

D=-2 - ^k  23  exp  {-2lTke  •  r  Jc  - ^  d 

■  (2n)^'^  n=0  "  Y  ■ 


(4-29) 


d  =d  U  J  . 

=n  =n  n  =o 


(4-30) 


which  Is  valid  when  t  /o,  and  the  corner  contribution  form 


D  =  T*  exp  1-  2lrk  e  *  r  |  c 

=  •  —  — n  '  =  n 

o=  0 


(4-31) 


=D  "  “  ,1/2  ^cosy_..  =n+l"  cosV_  =n^ 


2(2  rry'r 


(4-32a) 


II  PO  - 

=  G...  J  .  , 

=n  n  =0 


{4-32b) 


which  Is  valid  when  (4-21)  holds. 


Hie  physical  meaning  of  (4-31)  Is  that*  to  the  order  of  approximation  we  are 
using  here,  the  total  scattering  from  the  plate  can  be  represented  In  terms  of 
rt^s  diffracted  from  the  corners  of  the  plate,  with  the  diffraction  from  a  corner 
♦r.dcpendent  of  the  lengths  of  the  edges  which  meet  there.  This  statement 
would  still  be  true  If  we  were  to  take  Into  account  the  distortion  of  the  fringe 
wave  currents  near  the  comers  but  is  no  longer  true  when  we  take  Into 
account  edge  Interactions. 

»  *  ♦ 

It  should  be  noted  that  the  method  of  Ryan  and  Peters  (Reference  10) 

can  be  applied  to  the  polygonal  plate  problem  and  leads  to  a  result  which  can  be 
written  In  the  form  (4-29),  but  with  a  different  expression  for  It  can  be  shown 
that  the  Ryan-Peters  method  gives  accurate  results  In  mauy  cases  for  which 
standard  Geometrical  Theory  of  Diffraction  Is  not  satlsf? dory  but  that  there  Is 
a  much  larger  class  of  problems  which  can  be  solved  accurately  by  using  the  value 
of  4  jj  developed  in  this  report. 

For  scattering  bodies  other  than  polygonal  plates,  a  similar  observation 
can  be  made  as  to  the  relative  ranges  of  usefulness  of  standard  GTD,  the  Ryan- 
Peters  method,  and  the  form  of  PTD  used  in  this  report. 


4.2  TYPICAL  RESULTS 

Figures  7  to  11  compare  calculated  and  experimental  values  of  radar  cross- 
section  for  diamond -shaped  and  >.rapezoidal  plates.  The  calculations  were  made  as  des¬ 
cribed  in  Section  4. 1.  All  data  are  for  backscatter,  e  ®  =  e  *  -  e  .  with  receiver 

—  r  —  r  —  r 

polarization  the  same  as  Incident  polarization,  l  =£.  The  orientation  of  e  ^  Is 
given  by  the  angle  q  ,  measured  In  a  plane  normal  to  the  plate  and  Including  the  axis 
marked  Z  In  the  figures.  For  a  =  -  90°  ,  the  Incident  wave  Is  traveling  In  the  +Z 


m.  ‘s«w<y^5sasp!fS3w^9S!s^ 


f  a  10  G  Hz 


o  =  +  90* 


Incident  wave 


FIGURE  7  RCS  OF  DIAMOND  SHAPED  PLATE  IN  PLANE  NORMAL 
TO  10  X  DIAGONAL,  VV  POLARIZATION 
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FIGURE  8  RCS  OF  DIAMOND  SHAPED  PLATE  IN  PLANE  NORMAL 
TO  6  A  DIAGONAL,  HH  POLARIZATION 
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FIGURE  11  RCS  OF  TRAPEZOIDAL  PLATE  IN  PLANE  NORMAL  TO 
SHORT  DIAGONAL,  HH  POLARIZATION 
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direction  and  e  ^  thus  points  In  the  >Z  direction.  For  a -0‘,  the  wave  le  Incident 
normal  to  the  plate  and,  for  ct  =90*  ,  It  Is  travelling  In  the  -Z  direction.  Vertical 
polarization  V  corresponds  to  and  thus  normal  to  tho  Z-  axis,  and  horizontal 
polarization  corresponds  to  normal  to  the  Z-  axis.  Data  are  given  for  a  =  o*  to 
90*  for  the  diamond  plate  case,  a  =  -  90*  to  +  90“  for  the  trapezoidal  plate. 

Experimental  data  were  normalized  so  that  they  agree  with  calculated  results 
at  normal  Incidence,  a  =  0*  .  These  experimental  data  were  obtained  by  sweeping 
a  throu^  360*,  which  gives  a  pattern  which  should  in  principle  repeat  tour  times 
for  the  diamond  plate  case,  twice  for  the  trapezoidal  plate  case.  The  plotted  data 
are  for  one  non-repeating  part  of  the  experimental  pattern,  with  no  attempt  to  average 

out  those  variations  which  were  observed  between  parts.  Examination  of  these 
variations  Indicates  that  main  lobe  data  are  quite  reliable,  the  positions  and  peak 
values  of  the  first  few  sldelobes  are  fairly  reliable,  and  hardly  any  of  the  data 
on  nulls  are  reliable. 

In  light  of  these  shortcomings  in  the  experimental  data,  plus  the  fact  that 
even  the  first  sldelobes  are  so  many  dB  down  from  the  peak  value  of  <r,  the 
agreement  between  calculated  and  experimental  data  Is  quite  good.  The  dlverfences 
which  arise  as  we  approach  grazing  Incidence  In  the  problems  of  Figure  9  and 
Figure  10  can  probably  be  removed  by  taking  Into  account  edge  Interactions 
and  corner  current  distortions. 
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V.  SUMMARY  AND  CONCLUSIONS 


In  Section  I,  we  have  given  an  overview  of  the  Physical  Theory  of  Diffraction 
<PTD)  and  the  role  which  the  Incremental  Length  Diffraction  Coefficient  (ILDC)  In 
general  and  the  Uflmtsev  hicremental  Length  Edge  Diffraction  Coefficient 
In  particular  play  In  the  theory.  The  actual  formulas  for  expressing  far-fleld 
scattering  In  terms  of  ILDC's  are  given  In  Sections  3.1.1  and  3.1.2.  General 
formulas  for  the  ILDC  as  a  function  of  the  effective  surface  currents  are  summarized 
In  Sections  3.1.3  to  3.1.5,  with  these  sections  drawing  heavily  on  material  presented 
earlier  In  Sections  2.1.3  to  2.1.6.  The  Uflmtsev  ILEDC  Is  developed  In  Section 
3.2.  Then  PTDand  the  Uflmtsev  ILEDC  are  used  In  Section  IV  to  solve  the  problem 
of  far-fleld  scattering  of  a  plane  wave  from  a  perfectly  conducting  polygonal  plate. 

The  data  In  Section  4.2  show  how  well  problems  can  be  solved  by  PTDwlth  use  of  the 
Uflmtsev  ILEDC,  even  when  edge  Interactions  and  current  distortion  near  the 
comers  are  neglected. 

These  neglected  effects  can  be  accounted  for  within  the  framework  of  PTD, 
and  the  results  thus  obtained  will  remain  accurate  nearer  to  grazing  Incidence.  Even 
without  such  further  development  of  PTD,  a  great  variety  of  problems  Involving  flat 
plates,  finite  cylinders,  doubly  curved  surfaces,  and  bodies  with  flat  faces  can  be 
solved  satisfactorily  by  simply  using  the  Uflmtsev  ILEDC  of  Section  3. 2  In  conjunction 
with  the  physical  optics  material  of  References  11  and  12. 

♦  ♦  * 

Before  treating  the  ILEDC  In  Section  III,  we  develop  the  simpler  theory  of 
the  Two-EHmenslonal  Diffraction  Coefficient  (2-D  DC)  In  Section  n.  Sections  2.1.1 
and  2. 1.2  shov.'  how  tc  express  the  far-fleld  scattering  from  an  Infinite  cylinder  In 
terms  of  the  2-D  DC.  Sections  2.1.3  to  2.1.6  give  general  formulas  for  the  2-D 
DC  as  a  function  of  the  effective  surface  currents;  as  already  noted,  many  of 
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thsse  formulas  are  also  used  for  the  fLEDC.  Section  2. 2  gives  the  2-D  DCs  for 
Uflmtsev's  and  Keller's  approaches  to  scattering  from  a  conducting  wedge.  The 
material  of  Section  II  Is  supplemented  by  a  thorough  study  In  the  Appendix  of 
scattering  from  an  Infinite  cylinder.  Some  of  the  material  In  the  Appendix  can  be  used 
In  extending  the  approach  given  here  to  the  case  In  which  source  and  observer  are 
not  both  at  Infinity. 

*  * 


A  list  of  key  equations  for  expressing  fields  In  terms  of  diffraction  coefficients 
and  for  evaluating  the  various  edge  diffraction  coefficients  Is  given  at  the  end  of 
Section  1. 


.U 


Some  additional  comments  are  appropriate  on  the  equations  for  the  ILEDC 
d*^  In  Section  3,2. 1.  Equations  (3-56)  to  (3-60)  have  been  verified  as  correct  when  f  and 
g  are  defined  by  the  Integral  expressions  (3-52)  and  (3-53).  For  -1<  V  <  1,  It  has 
been  verified  that  f  and  g  are  given  by  (3-65)  to  (3-74).  But  further  verification  Is 
still  needed  that  (3-75)  to  (3-78)  are  correct  evaluations  of  the  Integrals  of  (3-52) 
and  (3-53)  for  the  cases  V  :s  -  1  and  V  >i. 


96 


APPENDIX.  SCATTERING  FROM  AN  INFINITE  CYLINDER 


1. 1  OBLIQUE  INCIDENCE  AND  EXPONENTIAL  VARIATION  ALONG  AN  AXIS 

Qir  main  objective  In  this  Appendix  Is  to  verify  the  material  of  Sections  2.1.2 
to  2. 1.6  for  far-fteld  scattering  from  an  Infinite  cylinder  when  the  plane  wave  of  (2-3) 
Is  incident.  V/e  shall  follow  the  notation  of  Section  2. 1.  as  Illustrated  Is  Figure  1, 
with  one  exception:  we  use  the  symbol  /3  In  place  of  both  /3,  and  /3  because,  as  we 
shall  show,  /3 ,  =  (3  for  an  Infinite  cylinder  problem. 

I  8 

The  plane  wave  of  (2-3)  has  exponential  variation  along  the  cylinder  axis.  To 
show  this,  we  substitute  (2-2)  and  (2-8)  Into  (2-3),  obtaining 

Eo  =  exp  |-lk^  1 1  ,  =  Z^  exp  |-lk^  t|  .  (j.l) 


with  and  ^  Independent  of  t  and  given  by 
=  E^E_  exp  |-l  k  cos /f 

(1-2) 

^0^0  "‘^o-r^E.  exp  |-‘kcoe^eJ.-£| 
and  with  the  axial  wave  number  given  by 

k^=k8ln/3.  ^1.3) 


We  are  Interested  In  scattering  from  an  Infinite  cylinder,  aligned  with  the  t-axls, 
which  either  Is  composed  of  material  Invariant  In  the  t-dlrectlon  or  Is  described  by 
boundary  conditions  with  no  t-dependence.  When  a  field  with  exponential  t-dependence 
Is  scattered  from  such  a  cylinder,  there  Is  nothing  In  the  scattering  process  which 
affects  the  t-dependence  of  the  field.  The  scattered  field  thus  has  the  same  exponential 
t-dependence  as  the  Incident  field.  By  factoring  out  the  t-dependence,  we  can  reduce 
the  original  three-dimensional  problem  to  a  two-dimensional  problem.  This  Is  the 
approach  we  shall  take  here. 


We  begin  in  Section  1. 2,  by  developing  lmportar>l  basic  material :  the  Maxwell  and 
Helmholtz  equations  and  the  Green's  function  for  fields  with  exponential  t-dependence; 
Integral  representations  for  the  field  produced  In  free  space  by  current  sources  with 
exponential  t*<iependence;  and  a  more  general  representation  for  far-fleld  radiation 
from  such  sources.  Then  In  Section  1.3  we  apply  the  material  to  scattering  problems. 
Although  emphasis  Is  on  verifying  the  material  of  Sections  2.1.2  to  2.1.6,  there  is  also 
much  useful  material  for  the  cases  of  source  or  observation  point  or  both  at  finite 
distance  from  the  scatterer, 

1.2  FIELDS  WITH  EXPONENTIAL  VARIATION  ALONG  AN  AXIS 

1. 2. 1  THE  MAXWELL  AND  HELMHOLTZ  EQUATIONS 

Let  us  consider  a  homogeneous  region  of  space,  with  cylindrical  boundaries 

parallel  to  the  t-axls.  Let  this  region  be  filled  with  a  homogeneous  medium  with  wave 

number  k  and  wave  Impedance  Z,  and  let  the  region  contain  an  electric  current  source 

distribution  K^,  (amperes/m^)  and  a  magnetic  current  source  distribution  k'^ 

2  —mo 

(voUs/m''^)  which  have  exponential  t-dependence : 

-qo  "'^qo  ^t  ^  ^  forq=e,  m  . 

Here  the  axial  wave  number  k^.  Is  not  restricted  by  (1-3),  but  Is  an  arbitrary  complex 
number. 

Under  appropriate  conditions  on  the  behavior  of  the  field  at  the  boundary,  the 
composition  of  adjoining  regions,  and  the  sources  In  these  regions,  the  field  ^  In 
the  region  of  Interest  will  have  the  same  t-dependence  as  the  : 

E  =  E  (0)  exp  I -Ik^  t  I  ,  H  =  H(P)exp  |-l  kj,  t|  .  (1-5) 


For  such  a  field.  Maxwell's  equations 


(1-6) 


V  X  E-  IkZ  H  =  -  K  '' 
-  -  -mo 


(1-7) 
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take  the  form 

A  A  Ilf  A  Ay 

V  X  H  -Ik.  t  xH  +  i^E=K 
—  t—  —  z—  —  eo 

t 

(1-8) 

A  ,  A  A  Ay 

VX  E-  Ik.t  X  E  -  lkZH  =  -K 
—  t—  —  —  —  mo 

• 

(1-9) 

Now  let  UB  Introduce  the  notation 

X  =  fjt  +  fp  (I-IO) 

to  represent  a  vector  f  as  the  sum  of  an  axial  component  and  a  transverse  com¬ 
ponent  By  using  the  identity 


Vjc  L<£)  1~L 


we  can  decompose  (1-8)  and  (1-9)  to  obtain 


vg,*lkt£p-tkZtxHp  •-L’-ftjop  = 

A  .A  Ay 

V  (t.x  E„)«lkZHj  .K^„, 


''•(L*  Bp)-T 


eot 


(I-ll) 


(1-12) 

(1-13) 

(1-14) 

(1-15) 


By  appropriate  manipulation  of  (1-12)  and  (1-13),  we  get 


A  ic  ^ 


X 


VE,-t, 


Av 

^op  "  k  Z 


Z'  V 

K 

-mop 


(I-IC) 
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rjcwtams  -r'iifr. 


— **  r*-*-*-^^  1^  j^.' ‘ '.''■‘rfn'*f  1 —  f  y  iij*aj  j 


A  k^Z 


VE,  + 


-TIE-  L’'  Up* 


tx^.  =  -t  xk'' 

-  t  -  —  mop 


Av 

-T-iSeop  • 


where  the  transverse  wave  number  k  Is  "elated  to  k  and  k^^  by 


=k2  -kj. 


(1-17) 


(1-18) 


The  pair  of  equations  (1-8)  and  (1-9),  the  four  equations  (1-12)  to<j(I“15),  and  the 
four  equations  (1-14)  to  (1-17)  are  three  equivalent  forms  of  Maxwell's  equations  for 
fields  with  exponential  t-dependence. 

If  now  we  take  the  divergence  of  (1-16)  and  (1-17)  and  make  use  of  (1-14),  (1-15), 
and  the  Identity 


V-  [^x  Vg(P)  1  =0, 
we  obtain  the  Helmholtz  equations 

0  AO  A  k^  A  V  A  V  ^t  r*. 

w  •  “  I  "e  =  tIcZ-  “mo.  -i-'='’'£ooo--Ez’-!^. 


(1-19) 


(1-20) 


2  -^2  A  k^2  A  V  A  V  ”t“  ^  v 

(V.k)E,.-jj-  --j-  .  (1-21) 

A  A 

In  conjunction  with  these  equations,  It  Is  usehil  to  express  and  as  functions  of 

A  ,  , 

Hj.  and  Ej  by  the  equations 


IE—  ^ 


(1-21) 


In  "'N  "*^2  lx  VH^.k^LxK^^^.kZK^^p) 


(1-22) 


AlrAl,  A  A  IrAv 

-  4-t  X  VE,  -k,  txK  +4-kV,1  ,  (1-23) 

-P  ^{^2  I  t  t  Z-  t  t-  -eop  Z  moP  J  ’ 

which  are  Just  rearrangements  of  (1-16)  and  (1-17). 

Thus  far,  our  results  are  valid  for  arbitrary  values  of  k  and  k.,  and  k  has  only 

^2  * 
appeared  In  the  form  k  .  We  now  restrict  k  to  be  real  and  positive  and  restrict  k^  to 

not  be  a  real  number  with  absolute  value  greater  than  or  equal  to  k.  Rirthermore,  we 

define  k  to  be  the  root  of  k  which  has  a  positive  real  part.  It  Is  readily  seen  that  such 

a  root  exists  for  all  admissible  values  of  k^^  In  the  complex  plane-  pure  imaginary  roots 


lesKwr"'; 


correspond  to  the  forbidden  values  of  k^,  which  in  turn,  correspond 

to  surface  wave  problems  rather  than  soattering  or  radiation  problems.  We  can  readily 

confirm  chat 


A  A  A 

k  h  K  —  k  k  .k  ^Ik  J 
R  I  tR  tl  ’  R  I  til 


(1-24) 


where  subscripts  R  and  :  Indicate  real*  and  Imaginary  parte  respectively. 

For  k^  real  and  |  k^  |'  k.  we  can  use  the  notation  of  (1-3)  with  real  and  In  il.e  range 

-  g  <  /?  <  g  .  We  then  have 


it  s  k  cos  ft 

A 

For  any  admissible  values  of  k^  a..d  k.  we  have 


(I-24A) 


■  k  sin  ,  k  B  k  cos  P 


(1-24 B) 


for  some  value  of  ft  in  the  open  strip 


“  ^  ^  arbitrary  . 


(1-24  C) 


'Hke  probleraa  of  ultimate  Interest  in  this  Appendix  are  scattering  problems, 
more  specifically  problems  which  Involve  scattering  from  an  Infinitely  long  cylinder 
of  finite  or  infinite  cross  section  Into  an  infinite  region  cf  free  space  (or  other  homo¬ 
geneous  lossless  material).  In  this  type  of  problem  it  Is  useful  to  consider  the  total 
field  (E ,  H)  In  the  region  outside  the  scattering  body  as  the  sum  of  an  Incident  field 
(E^,  H and  a  scattered  field  (E 


(1-25) 


Tlje  Incident  field  (^,  H^)  v/e  define  as  the  field  which  would  be  produced  In  free 
space,  that  Is,  In  the  absence  of  the  scattering  body,  by  the  sources  exterior  to  the 
scattering  body.  We  Include  the  effect  of  sources  at  Infinity,  such  as  those  which  give 
rise  to  plane  waves  (see  Reference  4,  Section  2.2.6). 

It  follows  that  the  scattered  field  has  no  sources  exterior  to  the  scattering  body. 
One  consequence  of  this  Is  that  satisfy  homogeneous  Helmholtz 
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equations. 


=  0 


tk“) 


scat 


*  0 


(1-26) 


In  the  region  exterior  to  the  scattering  body.  Bat  these  equations  would  still  be  valid 
If  there  were  sources  at  Infinity.  To  exclude  such  sources  and  to  thus  obtain  a  uniquely 
defined  scattered  field  It  Is  necessary  to  Impose  a  condition  on  the  behavior  of  the  field 
at  Infinity,  a  condition  which  guarantees  that  the  direction  of  power  flow  at  Infinity  Is 
away  from  the  scattering  body. 


When  the  cylinder  cross  section  Is  of  finite  maximum 

^  fiCAt  ^  SC&t 

dimension,  the  appropriate  condition  Is  that  both  and  1^  must  satisfy  a 

two-dimensional  radiation  condition  of  the  fonts 


Itm 


P 

o 


1/2 


(1-27) 


where 

P^  =  |£|  <I“28) 

is  distance  from  the  origin  In  the  transverse  direction.  There  are  also  many  problems 
Involving  cylinders  with  cross  section  extending  to  Infinity— such  as  the  wedge  problem 
discussed  In  Section  2.2— In  which  and  l^  satisfy  (1-27)  for  some  or  all 

directions  of  scattering. 

The  condition  (1-27)  tells  us  that  the  behavior  of  the  field  F  for  large  Is 
essentially  the  same  as  the  behavior  of  a  cylindrical  wave  with  propagation  constant  h. 

It  Is  Important  to  realize  that  (1-27)  Is  a  radiation  condition  because  we  have 

required  that  ic  have  a  positive  real  part  and  that  an  equation  of  form  (1-27)  would 

not  be  a  radiation  condition  If  ^  were  zero  or  negative.  We  shall  verify  In  Section 

1.2.3  that  0  does  Indeed  characterize  a  radiating  field,  that  Is,  a  field  which 
n 

carries  energy  away  from  the  origin. 

scat  j 

The  quantity  kj  can  be  positive,  negative,  or  zero.  When  kj  Is  negative,  ana 

increase  exponentially  with  P  for  IP  sufficiently  large.  This  behavior,  strange 
as  It  appears  at  first  look,  does  not  violate  any  physical  principle.  The  physically 
meaningful  quantities  are  E  and  H,not  E  and  H,  and,  as  we  shall  see  In  Section  1.2.3, 
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the  fields  E  and  H  propagate  energy  at  an  angle  to  the  cylinder  axis  and  the  fields  do 
not  Increase  In  the  direction  of  energy  propagation.  Waves  with  negative  are  called 
leaky  waves. 


Since  the  scattered  field  has  no  sources  outside  the  scattering  body,  It  mus 
necessarily  have  sources  within  or  on  the  surfoce  of  the  scattering  body.  We  shall  show 
that  the  effective  surface  currents  on  the  scattering  cylinder  act  as  the  sources  of  the 
scattered  field. 


1. 2. 2  the  two-dimensional  GREEN'S  FUNCTION 

Let  us  now  Introduce  the  two-dimensional  scalar  Green's  function 
G  =G  ((^P)=  j  ^  P)  ,  (1-29) 

where  we  are  using  the  notation  Hj|^^  for  the  Hat^l  function  of  first  kind  and  order  n,  and 
P«|p-  £'|  (1-30) 


Is  the  distance  from  source  point  £ '  to  observation  point  £  .  The  function  G  satisfies 
the  Helmholtz  equation 


=-  «  (  p-  p')  , 


(1-31) 


where  6  is  the  Dirac  delta  function  for  a  point  singularity  In  a  tw’o -dimensional  space. 
We  can  readily  show  that 

V  P=  -V'  P*=  a  (1-32) 

and 

V  VP  =  v’v'P  =-VV'  P  =-V’V  P=  “  5  2  )»  (^-33) 

where 


a  =  (P“  P’  )/  P 

Is  a  unit  vector  pointing  from  £*  to  £  and 


(1-34) 
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Ip'  •,5.x*lyl, 


<I-3C) 


acts  as  a  unit  dyadic  for  vectors  normal  to  U  Using  (I*-32)  and  (1~S3),  we  obtain 


VG  =-V'  G 


-  Ik 


(1-36) 


VVC  -V'  V'  G  =-VV’  G  =  -V’V  G 


^  P)  (Ip-2  o  c)+i^  P  (J  P)  a  a  . 


(1-37) 


(1-38) 


A  1^1 

kj^>o,  |k|p»i 
we  have  the  approximations 


G*Gjj  = 


2  (2ffk  p  y 


where  the  value  of  the  square  root  with  positive  real  part  is  chosen, 


VG=*-V’G»i  > 


VVG  I- y'V  G  =  -  V^' G  =- V'V  G  *  -  Gjj  o  o  . 


(1-39) 


(1-40) 


(1-41) 


Ihese  approximations,  obtained  by  using  the  asymptotic  expansion  of  the  Hankel 
function,  are  useful  in  both  the  radiating  near-field  region  and  the  far-field  region 
as  defined  In  the  IEEE  Antenna  Standard  (Reference  7).  It  can  readily  be  shown 
that  Gj^  satisfies  a  radiation  condition  of  the  form  of  (1-27). 


Let  U6  write  P  in  the  form 


P  =  P  e  ® 
—  o  — r 


(1-42, 


wheie  p^=  |pj  as  In  (1-28)  and  is  thus  a  unit  vector.  (We  shall  show  in  Section 
1.2.3  liiSt  the  e^®  of  (1-42)  Is  the  same  as  the  e_®  of  (2-13). )  Then,  for  k  real  and 


I 


!  IS 

’  4 
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kP^  » 1  ,  k  I  p'l  ,  I  ei  |« 


(1-43) 


we  have  the  approximations 


=  G  exp] -lice  |  , 


(1-44) 


v5  =-  v  5  , 

OO  «  f  * 

VVG  =  V' V'  G  =  - G  =  - g  e  ®  0*  » 

00  —  r  — j. 


I  ff/4 


2(2 


A 


(1-46) 


(1-46) 


(1-46  A) 


Hiese  can  be  derived  from  the  more  general  expressions  (1-39)  to  (1-41).  The  approxi¬ 
mations  (1-44)  to  (1-46)  are  useful  for  far -field  problems.  Note  that  they  depend  on  the 
choice  of  origin  but  (1-39)  to  (1-41)  do  not. 

We  could  also  define  far-fleld  approximations  for  complex  k  but  these  are  not 
of  as  much  practical  Interest. 


1. 2. 3  THE  FIELD  DUE  TO  SOURCES  IN  FREE  SPACE 

We  shall  now  show  how  to  calculate  the  field  produced  In  free  space  by  current 
sources  with  exponential  t-varlatlon.  This  material  Is  Intrinsically  useful,  tor  example 
In  calculating  the  incident  field  due  to  a  source  distribution.  Much  more  Important,  It 
will  form  the  basis  for  our  treatment  of  scattered  fields  as  functions  of  effective  sur¬ 


face  currents. 


Consider  a  current  source  distribution  of  the  form  of  (1-4).  We 

-eo  -mo  ^  ^  V 

designate  as  D  the  region  of  the  (x,  y)  plane  In  which  the  functions  (p)  and  (p), 
which  describe  the  transverse  variation  of  the  source  distribution,  are  non-zero. 

(In  mathematical  terminology,  D  Is  the  support  of  the  functions  snd  ) 

Let  us  restrict  D  to  be  of  finite  extent,  that  Is,  to  have  a  finite  maximum 
dimension,  so  that  there  are  no  sources  at  Infinity.  We  can  then 

/X  yX  Y  yX  y  • 

ol>taln  an  expression  tor  the  fleld  component  as  a  function  of  and  by 

applying  the  two-dimensional  Green's  theorem,  (48)  of  Reference  8,  which  tells  us  that 


dA(f  V^g-g  t) 


(1-46  B) 
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for  f  and  g  functions  of  x  and  y  only,  A  a  finite  area,  B  the  boundary  of  A,  d/ 

the  Incremental  length  along  B,  and  8/d8  the  derivative  along  the  unit  normal  n  to 

B  which  points  out  of  A.  We  set 


f(  £')  =  (  P'), 


g(£')  =  G(P,  p’) 


(I-46C) 


and  take  the  area  of  Integration  to  be  a  disc  D  of  radius  P  with  center  at  the 
origin  and  with  P  large  enough  so  that  b  contains  D.  We  thus  obtain  the 
prellmlnsy  result 


d 


(I~47) 


Here  L  Is  the  perimeter  of  b  and  a  prime  denotes  a  function  of  the  Integration 
variable  or  a  derivative  with  respect  to  the  Integration  variable. 


If  now  we  let  P  approach  Infinity,  the  Integral  around  L  In  (1-47)  will  vanish  by 
virtue  of  the  radiation  condition  (1-27).  Also,  the  V  terms  on  the  left  hand  side  of 
(M7)  can  be  eliminated  by  making  use  of  (1-21)  and  (1-31).  We  thus  obUlii 


We  can  eliminate  the  derivatives  of  the  source  currents  by  using  the  two- 
dimensional  Gauss's  theorem  (42)  of  Reference  8  and  the  two-dimensional  stoko's  theorem 
( 8 1 )  of  Reference  8,  which  take  the  forms 


j^V  P  =  n  .P 

J^A^*  (  VX  P)  =  J^df  <^x  n  )  •? 


(1-48  A) 

(1-48  B) 


respectively  for  P  normal  to  £  and  Independent  of  t  .  We  then  reduce  the  domain 
of  Integration  from  D  to  D  because  the  Integrand  vanishes  outside  of  D.  Ttie  result  Is 
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TJeii7, 


IT 


T 


^  -/«D’  5  ^'5  •  K  .  <W9) 


which  Is  the  desired  Integral  representation  of  £^.  The  analogous  equation  for  Is 


-L 


<'.2 


zff-xv'S)- oft;;,  A  ^'g- k^^i.  a-so, 


These  results  are  valid  for  any  observation  point  £  which  Is  bounded  away  from 
D,  that  Is,  which  does  not  lie  within  D  or  on  the  boundary  of  D.  The  situation  at  Inter¬ 
ior  points  and  boundary  points  of  D  is  more  complicated  and  shall  not  be  considered 
here. 

Ws  now  readily  obtain  the  expressions 


=  -  /d 


^.2 


KZ 


md'  [wg.  rvG-  (md 


and 


7(ZH,)-./dD'  lzv^5  .  VG.ft';J  (1-52) 
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for  Q  bounded  away  from  O,  which  la  a  sufficient  condition  to  justify  taking  the  V 
operator  Inside  the  Integral  sign.  By  substituting  (1*51)  and  (1*52)  Into  (1-22)  and 
(1-23),  we  obtain  Integral  representations  for  and'^p  (Note  that  the  source 
terms  In  (1-22)  and  (1-23)  vanish  because  g  is  outside  D. ) 

When  £  Is  sufficiently  far  from  all  points  £'  of  D  so  that  the  Inequality  (1-38) 
holds  for  all  such  then  we  say  that  £  lies  In  the  radiating  near-fleld  region  of  the 
source  distribution.  By  use  of  (1-39)  to  (1-41),  we  can  readily  show  that  In  this  region 
we  have 


i-lk  C^V  0<-.  ZKeo  .  ‘‘t'  2  >  • 


(1-53) 


A  /  _ 

ZH=lkyj^dD'  Gj^ 

2r 

(k. 

kf 

a  )  xV(k;  Z^^^ 

A  V* 

’  -mo  *  ‘‘t’  2* 

£'  >. 

(1-54) 

with 

V(k;  ZK^, 

A  yl 

K  ; 
-m  ’ 

*'t‘ 

£5 

e') 

=  -  [  Zu 

Ay  A 

*  lie  )  •*•“  r  - 

v.| 
m  J 

=  V^  (k; 

zk''  ft 

(  £) 

+  V„(k;  ZK^', 

v 

—  m 

«  tr  • 

f 

25 

£'  ) 

u  (k,  k, 
-II  t 

.  o)  • 

(1-55) 

Yl  <‘‘5  ZlSe  *^m’ ‘'t’ -i  +  kJJ*  .(1-56) 


V|,  (k;  ZK^’,  k;;-.  k^,  a;  P-  )  =  -  U^  (£)•  T  2*  (ZKjp)  .  0-57) 

1^(2)  =1*21  .  (1-58) 

U|i  (k,  k^,  a)  =  £  +kj  o)  ,  (1-59) 

u  (k,  k^,  a)  (^  o- k^^  )  .  (1-60) 

A 

Tbese  results  are  valid  for  k,  k^,  and  k  restricted  as  In  the  discussion  preceding  (1-24). 


'Hie  arguments  ,  and  a  are  of  course  themselves  functions  of  the  argument  g'. 

The  vector  Uj^  is  always  real  and  of  unit  length.  Hie  vectors  u  ^  and  ^  ^  are  real 
and  of  unit  length  for  real  and  ]kj  <  k.  For  ^  0,  we  still  have 


U  ‘UsU  'U  =1 
-II  -II  -r  -r 


(I-60A) 


but  the  length  of  ILn  ^  defined  by  (2-4)  la  greater  than  unity.  In  all  cases, 

the  three  vectors  u  ^  ,  u  ,  and  u  ^  are  mutually  perpendicular  and 


'''^«*O  XU  =U  ,U  XU  =u 
1  -II  —  r  —II  —  r  -j,  ’  -r  — i  —  i 


(1-61) 


6  8  8 

Tbese  vectors  are  generalizations  of  the  vectors  e_^ ,  e  ,  e^  defined  In  Section 

2.1.2. 

Let  us  now  consider  the  case  In  which  the  sources  are  concentrated  at  the  origin: 


-qo<£)  =  q  =e.  m  » 


•qo 


(1-62) 


where  6(£)  Is  the  Dirac  delta  function  as  In  (1-31).  We  hen  have 


^  A  A  fl  A  A  a 

\Lx<lr>+®ii!iii<^‘V  ir)' 


AS 


AS. 


z  H  =  U  (k,  kj,  e“  )x  E  =  -  E„  u  ^  (e  +  Ej^  a„  (k,  k  e®  ) 


a-63) 


in  the  radiating  near-fleld  region,  with 


t  A  ke-'"/* 

0  '  ■  2(2»t  ''oop  P-*' 

A  8 


(1-64) 


Here  P  and  e  _  are  defined  as  In  (1-42).  The  quantities  and  V _ _  are  the 

o  —  r  .  001  0011 

coefficients  of  6  (P)  In  the  expressions  for  and  Vjj  which  we  obtain  substituting 
(1-62)  Into  (1-56)  and  (1-57). 

We  can  readily  confirm  that  ^and  H  of  (1-63)  satisfy  the  radiation  condition  (1-27). 

”  /s 

We  can  also  readily  verify  that  these  functions  Increase  exponentially  with  for  k^  C, 
the  leaky  wave  condition.  Wa  now  want  to  show  that  the  field  E,  H  whose  transverse 
variation  Is  given  by  (1-63)  Indeed  carries  energy  away  from  the  origin — as  a  radiating 
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field  by  definition  should — and  that  the  field  amplitude  does  not  grow  exponentlall:*  with 
distance  In  the  direction  of  energy  propagation. 


To  this  end  we  recall  that  the  time  average  power  flow  (watts/m  )  Is  given  by  the 
real  part  ^  of  the  complex  Poyntlng  vector 


i  =  I  *  B  •  (1-66) 

where  Indicates  the  complex  conjugate.  Thus  the  direction  of  Is  the  direction  of 
power  flow  and  energy  flow  and  furthermore  the  condition 


•  S  >  0  at  £  =  Pq  e  ®  for  sufficiently  large  (1-66 ) 

characterizes  a  radiating  field. 

For  the  field  with  transverse  dependence  given  by  (1-63),  we  have 


S.|xi  .  \  ((fe  X(-E,U^*I,U^] 


-MIf  |2;r  +1  F  |2«  -21  2  .  2  A 


A  As 


In  deriving  this  result  we  have  assumed  that  Z  Is  real,  which  Is  compatible  with  our 
assumption  that  k  Is  real,  and  we  have  used 


v^ii  rr^R  *‘^R>s-i  • 

R 


Taking  the  real  part  of  (1-67),  we  have 


(1-69) 


k.. 


+  ^7^  (E„E.),t_xe® 


A  X 

ii-i'is.  -  :lt 


n  A 

Thus  (1-66)  Is  clearly  satisfied  If  and  only  If  Kp>  0.  which  verifies  our  statement  that  the 


condition  >  0  characterizes  a  radiating  field.  (We  also  see  that  there  Is  no  power 
R 
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flow  either  away  from  or  In  toward  the  axle  when  k  Is  pure  Imaginary,  which  confirms 
that  these  values  of  k  correspond  to  surface  waves. ) 

Next,  from  (1-5)  and  (I-6S)  wo  have 

E  =  A^/2  exp  -k^t)|=  a  ^^2  E.} 

*^o  o 

=  ^^1/2  ®*p{  S.I  Ar  '‘'tli>* 


with 


A  =  - 


ke 


-1/7/4 


2(2/7  k) 


m  ^  OOI  'i-i. 


"Voo« 


ill) 


(1-71) 


Now  at  point  r,  the  direction  of  energy  propagation  Is  the  direction  of  Sj^.  Thus,  If  we 
define 

we  see  from  the  last  term  of  (1-70)  that  there  will  be  an  exponential  Increase  In  E  In 
the  direction  of  propagation  only  If  r<  0.  But  use  of  (1-69)  and  (1-24)  In  (1-72)  yields 


(1-73) 


so  there  Is  neither  an  exponential  Increase  nor  an  exponential  decrease  of  the  field  In 
the  direction  of  energy  propagation. 

For  a  source  distributed  over  a  region  D  of  the  (x,  y)  plane  with  finite  maximum 
dimension,  the  corresponding  results  are  that,  for  sufficiently  large,  the  radiating 
field  condition  (1-66)  holds  and  there  Is  no  exponential  increase  or  decrease  of  the 
field  In  the  direction  of  propagation. 
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Let  U8  next  consider  the  field  In  the  far -field  region  for  the  case  of  real  and 
less  than  k.  We  shall  defer  until  later  a  general  definition  of  the  far-fleld  region.  For 
the  moment.  It  Is  enough  to  say  that  a  point  r  Is  In  the  far-fleld  region  of  a  source 
distribution  with  finite  support  D  If  £l8  sufficiently  large  at  r  so  that  the  Inequalities  of 
(1-43 )  hold  for  all  £'  In  D.  Because  we  have  assumed 
A 

k  <  k  ,  (1-73A) 

we  can  write 

A 

k  =  k  cos  ,  k^  =  k  sin  (3  ,  (1-74) 

with 

■  T  (1-75) 

as  In  (1-3)  and  (I-24A). 


One  way  to  evaluate  the  field  at  Pis  by  substituting  the  approximations  (1-44) 
to  (1-46)  for  the  Green's  function  and  Us  derivatives  Into  (1-49)  to  (1-52)  and  then 
employing  (1-22)  and  (1-23).  A  more  convenient  approach,  however,  Is  to  replace 
Gj^  and  o  by  Goc  and  respectively  In  (1-53)  and  (1-54)  and  then  use  (1-5)  to  obtain 
expressions  for  E  and  H  .  In  this  manner  we  obtain,  from  (1-53),  the  result 

E(D  = 


A 


exp|l(kP^  -k  t)[ 
(P^  /cos/?)^/^ 


with 


A 


V'  =  V  (k;  z  K 


■l?r/4 


1/2 


2(2rT^/2  COS  (9  •'d' 


exp  I  -I  k  ^  p'  I  V' 


GO 


A  VI 


,  As 

V2.r'£'> 


(1-76) 


(I-76A) 


In  order  to  put  this  result  In  a  form  more  appropriate  to  the  far-fleld  case, 
we  begin  by  formally  defining  e  ®  as  In  (2-13),  R  and  T  as  In  (2-10),  and  e  ®  and 

S  -r  O  O  '  ”  — 1 

e  II  as  In  (2-14)  and  (2-15)  respectively  (with  /3g  replaced  by  /3  In  the  definitions  of 

and  e  ^  ),  but  for  the  moment  we  place  no  physical  Interpretation  on  any  of 
these  quantities.  We  then  readily  find 


P  „  =  COB  f3 
o  o 


(1-77) 


I 
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T  — 


Md  d.U8  ,,-76, 


as 


e 


with 
f  = 


' 7^  ^ U°' '■^(-••‘i^.'iv  (k,  2ft ,  k g 3  , 

~r  ’  v- 


- - t  ».  Ul^.k^T^, 


(1-78) 


(r-79) 


)  (1-80) 


and 


Y  (kiZK^  .fi";k,l„^,gj,  £')  =  -rZe“,,e»  v] 

L  ^  “6  -r  -m  I 

_ »t_8  .^o  -J 


''i  =  if  •  (Z  *  cos  5  ftj;  *  o,„  ^  g  S  .  ft  V. 

~r  —  nop 

"  cos^  2  +  8,n^  ^s  2  A  v» 

Ws  also  have,  from  (I..S4), 


ZH=e®  X  E 


(1-8 

(1-8: 

(1-8; 

(1-84 


*  ®j.  Is  a  unit  vector  in  the  (x  vi  i 

“‘7'  “'*'''•  '^=“'’"  Z- 1. 2.  Also,  kl^fl  ,!‘  ? 

-  /?.  Ttus  we  can  write  ’  ^  clearly  determined  if  we  kno 
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V=V(k;  Z^^'.  kJ'  ;  0^;  p' ) 


{1-85) 


which  Is  a  more  convenient  set  of  arguments  for  many  purposes.  (This  set  of 
arguments  can  also  be  used  In  the  radiating  near-fleld  region,  In  which  case 
Is  Itself  a  function  of  P'. ) 

It  Is  clear  from  (1-79)  and  (2-10)  that  gives  the  direction  of  phase  propagation, 
and  It  can  be  shown  by  evaluating  Sj^  (see  (1-69))  that  e^®  gives  the  direction  of  energy 
propagation.  It  then  follows  that  the  ray  through  r  does  Indeed  appear  to  originate  at 
the  point  t  =  on  the  q  =  0  axis  and  that  Is  the  distance  from  the  cylinder  axis  to 
r  along  the  ray.  It  follows  from  (I-61>that  e^®,  e  ^  ®,  e^®,  In  that  order,  form  the 
basis  of  a  rl^t -handed  Cartesian  coordinate  system.  Thus  we  have  justified  the 
physical  Interpretation  given  to  R^,  and  the  three  unit  vectors  In  Section  2. 1.2.  I 

It  Is  also  clear  now  that  the  definition  of  In  (1-42)  leads  to  the  Interpretation  of  j 

embodied  In  (2-13). 

Wo  can  now  give  a  more  general  definition  of  the  far-fleld  region  with  respect 
to  a  source  distribution  of  finite  support  D.  It  Is  the  region  consisting  of  all  values 
of  r  at  which  the  field  Is  given  accurately  by  (1-79)  to  (1-84).  The  region  Is  cylindrical, 
since  the  validity  of  these  equations  depends  only  on  £ ,  not  on  t,  but  Its  Inner 
boundary  Is  not  In  general  circular.  The  condition  we  used  previously,  that  £ 
be  sufficiently  large  so  that  the  Inequalities  of  (1-43)  hold  for  all  £'  In  D,  Is  a 
sufficient  but  not  necessary  condition.  For  finite  D,  the  fact  that  (1-79)  holds  with  ^ 

Independent  of  R^  and  T^  Implies  validity  of  (1-80).  This  Is  no  longer  time  when 
D  Is  Infinite,  In  which  case  the  far-fleld  region  Is  defined  as  the  region  In  which  (1-79) 
holds  wlth£  Independent  of  R^  and  T^  but  not  necessarily  given  hy  (1-80).  The  case 
of  Infinite  D  Is  discussed  further  In  Section  1.2.5. 

♦  ♦  * 

A 

It  Is  also  useful  to  consider  far-fleld  scattering  when  k  Is  real  and  greater  than 
k,  that  Is,  when 

k  =kp>k.  (I-85A)  I 

In  this  case  k^  Is  pure  Imaginary.  It  Is  convenient  to  allow^to  take  pure  | 

imaginary  values,  | 

I 

\ 
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t 


(1-86) 


~  >/9j  >  -  • 

80  that  we  can  atlli  use  (I-74>  and  we  can  ettU  define  vectors  e  e  and 

e  ®  by  means  of  (2-13)  to  (2-15)  (with  B  replaced  by  B).  It  Is  readily  verified  that 

S  8  * 

the  vectors  e  ^  and  e  ^  are  now  complex.  It  Is  also  readily  confirmed  that  we  can 

eculvalently  define  e  f ,  e  ®  .  and  e  ^  as  the  values  of  u  ,  .  u  ,,  ,  and  u  of  (1-58)  to 

—1  — y  — r  —II  — r 

(I  -60)fora  *=£■. 

By  the  same  procedures  which  yielded  (1-79),  we  obtain 

A 

E  »=  cos  oxp  |lCt|tt  f  .  ZH  =  e®xE. 


with  £  as  In  (1-80).  We  find  from  (1-69)  that  energy  flow  Is  normal  to  ^  ,  a  fact 
which  Influenced  our  choice  of  notation  In  (1-87). 

1.2.4  THE  FIELD  DUE  TO  SURFACE  CURRENT  SOURCES 

Iherf  la  a  very  strong  analogy  between  scattering  problems  and  source  problems 
in  which  the  sources  are  surface  currents.  For  this  reason,  It  will  be  useful  to 
specialize  the  results  of  Section  L2.3  to  the  case  In  which  the  field  Is  produced  by 
surface  current  sources  K,„q»  with  the  exponential  t-dependence  of  (1-4),  located 
on  a  cylindrical  sheet  S  whose  projection  onto  the  (x,  y)  plane  is  the  curve  L.  We  shall 
restrict  L  to  be  of  finite  length,  which  assures  that  the  maximum  transverse  dimension 
of  the  uource  region  Is  finite. 

If  L  Is  a  closed  curve,  we  define  n  as  the  unit  outward  normal  from  L.  If  L  Is 
an  open  curve,  we  can  arbitrarily  define  either  unit  normal  to  be  n.  In  either  case, 
we  then  define  the  tangent  vector  /_so  that  (2-1)  is  satisfied  and  define  f  to  be  the 
length  parameter  along  L  In  the  £  direction. 

The  units  of  surface  currents  1^  and  are  amperes/m.  and  volts/m.  respect¬ 
ively.  As  Indicated  In  Section  2.2.8, 1  of  Reference  4,  a  surface  current  on  S  Is  the 
limit  as  d-»0  of  a  current  source 
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lowing  uniformly  In  a  shell  of  thickness  d  with  middle  surface  S.  More  mathematically, 
^  Is  equivalent  to  a  singular  vol\une  current  density 


=  K  6- 
-q  -q  L 

where  5  .  Is  the  symbolic  function  defined  by 


(1-89) 


/dif  =y*dD  f 


6  ^  for  all  f, 


(1-90) 


with  the  entire  (x,  y)  plane.  Surface  currents  are  restricted  to  lie  In  the  plane  of 
S,  and  thus  we  have 


K  =  K  ,  t  +  K  <  for  q  =e,  m 
-q  qt  -■  q/  -  ^  * 


(1-91) 


and  a  corresponding  expression  for  ^ ,  which  Is  related  to  by  an  equation  analogous 
to  a-4). 

On  the  basis  of  these  considerations,  we  readily  find  that  the  general 
expressions  (1-49)  to  (1-52)  specialize  to 


<Z-|£k4o,  *|r^^mot*ir 

v<zfi,  )  ■  -  I  Z(  V-ll  )  Ki„,  *  4- ''■5  <■- 


(!-92) 


(1-93) 


(1-94) 


A 

V(ZH, 


Equivalent  expressions  which  differ  In  the  last  term  of  the  Integrand  can  be  obtained 
using 


/<U'«  K>  =  -/di'e  sfrK-,  . 


(1-96) 


In  order  to  make  (1-96)  valid  even  for  discontinuous  and  for  open  curves  L,  we 
define  •“  K|  to  Include  Impulse  functions  at  the  discontinuities  of  ^  on  L  and  Im¬ 
pulse  functions  at  the  end  points  of  an  open  curve.  The  Impulse  functions  at  the  end 
points  are  calculated  by  considering  L  to  be  part  of  a  closed  curve  with  =  0  on  the 
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rest  of  the  curve 


Note  that  (1-92)  to  (1-95)  are  sttU  valid  If  the  signs  of  n  and  ^are  reversed.  This 
Is  why  we  can  designate  either  unit  normal  to  L  as  n. 

b)  the  radiating  near -field  region,  the  equations  equivalent  to  (1-53)  to  (1-57)  are 


E  =lk/<H'GgW 


(1-97) 


(1-98) 


ZH  =  ik^df’  Gr  u  r  V  2)  *  W  Z  K^o;  V  ^  ' 

W(k;  Z^'.  )  = -[  Z  u  ^  x  (u  ^  x  K  ;  )  +  u  ^  x  ] 

=  W^  (k;  ZK;,  ;  k^;  (2) 

+  W„  (k;  ,  A^;k^;  2;  f ')  V  2)  • 

Wi(k;  ZK;.  k;^^;  kj;a;|')  =  (2*n')ZK^^  +1  K^t  -  ‘l' ^mi  ' 

w„  (kj  Z  K'g,  \i  a;  f')  =  “  (£  •  n')  p  ZK^t  “  ~  ‘ 


wlthuj^,Ui,,  andu^  given  by  (1-58)  to  (1-60).  By  virtue  of  (1-96),  we  see  that  (1-97) 
and  (1-98)  still  hold  If  W  Is  replaced  by  u  vector  Wwlth  elements 


A 

w,- (£•»•) 


a 

w 


A 

K 


m  t 


W„  =  -  (£-  n*)K’ 


mi 


*  T 


^  1  •'t  d  iyir>  , 

■"IT';;"  TF 


(1-102) 

(M03) 


In  the  far-fleld  region,  (1-79),  (1-84) and  (1-87)  are  still  valid,  butyls  given  by 


i=  r 

/  di'wp  )-ito-  £’  iw  (k'  zk;;;  .  k.to^:S;;f').  (W04) 

">ff  ) 


and  W,  W^,  and  W^  of  (1-99)  to  (I-lOl),  evaluated  for  k^  =k  sln3  and£  =5^.  • 
given  by 


W  -  (ze  «  x(e  *  X  e  J  x  )=  W,  e  J  4  W„  e  „  ®  , 

Wi  =  4r’  “’)  ^K\  ^  ^  ’  <^1*  ^mi  * 

W„  =  -  4 ®  •  n')  C08/3  Z  Kg'j  -  (e®  •  n*  )  sln/3  Z  K 


(1-106) 


(1-106) 


(1-107) 


Again  W  can  be  replaced  by  and  the  components  of  W  are 


2K,1*<=0«@  K„’.  *  •nr'«PirK„/  . 


(1-108) 


! 


I 


W,|  =  -  <^  •  S.' )  tan.  ^- > .  (1-109) 

Analogously  to  (1-85),  we  can  write  W  as  a  function  of  a  different  and  frequently  more 
convenient  set  of  arguments. 

W  =  W(k;ZK^.  K^;/8.^^;  f)  .  (I-UO) 

ana  we  can  write  W  In  the  same  manner. 

1. 2. 6  A  MORE  GENERAL  APPROACH  TO  FAR- FIELD  RADIATION 

In  this  section,  we  shall  only  consider  the  case  of  ic  real  and  less  than  k. 
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We  have  already  seen  that.  If  all  sources  are  confined  to  a  region  of  finite  extent 
In  the  (X,  y)  plane,  then  the  far-fleld  radiation  Is  given  by 


E  = 


e  o 


TTr 


-Ik  T 
.  to 


ZH  =e“ 


X  E 


(I-lll) 


where  f  Is  Independent  of  R  and  T  and  Is  normal  to  e  ®.  In  we  have  given  an 

Integral  representation  of  ^  and  In  (1-104)  we  have  given  a  specialized  form  of  this 
representation,  valid  when  the  sources  are  surface  currents.  For  any  azimuth 
there  will  be  a  value  of  R^  beyond  which  the  far-fleld  expressions  have  a  given 

degree  of  accuracy,  and  furthermore  there  Is  some  value  of  R^ beyond  which  the  far- 
fleld  expressions  have  that  degree  of  accuracy  for  all 

The  situation  Is  much  more  complicated  when  the  source  distribution  extends  to 
Infinity.  It  Is  still  true  that,  If  the  Integral  of  (1-80)  or  of  (T-104)exl8te  for  a  given 
azimuth  angle  then  this  Integral  gives  the  correct  value  of  f  for  radiation  In  the 
Indicated  azimuth  direction.  However,  there  are  also  cases  In  which  the  Integral 
does  not  exist  for  some  value  of  but  there  nevertheless  exists  an  Independent  of 
R^,  which  makes  (I-lll)  valid  for  that  azimuth.  As  a  simple  example,  consider  a 
constant  surface  current  distribution  on  an  Infinite  half  plane.  The  Integral  represent¬ 
ation  (1-104)  for  f  Involves  the  Integral 


1=  y  df '  exp  |- Ik*  ,  (1-112) 

"o 

with  k  a  function  of  0^.  This  Integral  Is  not  uniquely  defined  but,  nevertheless, 
the  function £of  (I-lll)  exists  for  all  azimuth  directions  except  the  two  directions 

normal  to  the  half-plane. 

% 

The  fact  that  (1-111)  can  hold  Independent  of  whether  (1-80)  or  (1-104)  holds 
follows  from  the  theory  of  the  two-dimensional  Helmholtz  equation,  which  tells  us  that, 
under  a  wide  variety  of  conditions,  the  solution  has  the  form 
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(1-113) 


with  q  Independent  of  P^,  for  fixed  and  eufflclently  large.  By  setting 

Q  =  ZHj  .  q=co8  fj,  .  and  Q  =  E^.  q  =cos^''2^  f^  . 


(I-113A) 


and  then  calculating  the  corresponding  values  of  and  H  p  ,  we  find  that  (I-lll)  Is  a 
consequence  of  the  existence  of  solutions  of  form  (1-113). 

When  the  sotirce  distribution  extends  to  infinity,  there  may  be  values  of  ^  for 

8 

which  the  representation  (I-lll) never  becomes  valid,  no  matter  how  large  we  make 
P  .  In  physical  terms,  we  can  never  travel  far  enov^  away  In  the  0  direction  so 

V  B 

that  we  are  In  the  far  field  region  of  the  sources.  In  the  case  of  the  constant  surface 
current  source  on  an  infinite  half-plane,  this  Is  the  situation  in  the  two  directions 
normal  to  the  half-plane. 

Finally,  for  a  source  distribution  of  infinite  extent,  the  far-fleld  conditions 
may  be  approached  non-unlformly,  so  that,  no  matter  bow  large  we  make  R^,  in¬ 
creasing  R  will  Increase  the  range  of  angles  over  which  (I  -  111)  is  valid  to  a 

given  degree  of  accuracy.  This  is  the  case  udten  there  are  isolated  directions  for 
which  (1-111  )never  becomes  valid.  Hius,  for  the  constant  surface  current  on  an 
infinite  half-plane,  increasing  R^  will  decrease  but  never  eliminate  the  angular 
region  about  each  normal  direction  in  which  (l-lll)  cannot  be  used. 


120 


1.3  SCATTERING  OF  FIELDS  WITH  EXPONENTIAL  VARIATION 

1.3.1  THE  SCATTERED  FIELD  AS  A  FUNCTION  OF  EFFECTIVE  SURFACE 
CURRENTS 


Let  US  now  consider  the  field  H**^*^)  scattered  from  a  cylinder  which  has  Its 

cross  section  bounded  by  a  curve  L  of  finite  length  In  the  (x.  y)  plane.  The  geometry 
Is  Illustrated  In  Figure  L  We  use  the  same  geometrical  notation  as  In  Section  1.2.4, 
where  L  defined  the  surface  on  which  a  source  distribution  Is  located. 

A  QAftt  V 

We  begin  by  applying  the  two-dimensional  Green's  theorem  to  E^  and  G. 

We  proceed  as  In  the  derivation  of  (1-49)  except  that  we  exclude  the  region  Interior  to 

L  from  the  domain  of  Integration  and  we  thereby  Introduce  a  line  Integral  over  L. 

The  line  Integral  Involves  which  we  eliminate  by  use  of  (1-17).  We  also 

o  n  c 

A 

make  use  of  the  fact  that  has  no  sources  In  the  domain  of  Integration.  We  obtain 

the  result 


A  scat 
^t 


(V 


dG  ^scat* 
*^t 


IT 


(1-114) 


for  r  outside  L.  Similarly,  If  we  apply  the  two-dimensional  Green's  theorem  to  G 

A 

and  the  source  field  E^^wlth  the  domain  of  Integration  taken  as  the  region  Interior 
to  L,  we  find 


A  _A  M 

^ofnr  ^“oi'ir 


H't)=0 


(1-115) 


when  the  argument  r  of  G  Is  a  point  outside  L.  Upon  adding  (1-114)  and  (1-115)  and 
expressing  the  result  In  terms  of  effective  surface  currents,  we  obtain 


4s  cat 

V 


Ik 


gk;^ 


K  z 


r  ® 
°  IT 


A 


(1-116) 


There  are  no  Impulse  functions  la  ,  because  L  Is  a  closed  curve  and  K  .  Is 

dt  ef  e* 

continuous  even  at  an  edge,  that  Is,  a  point  where  the  tangent  to  L  Is  discontinuous. 
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But  this  Is  Just  (1-92)  with  E.  replaced  by  E.  and  K  and  k  replaced  by  K  and 
^  I  t  — eo  —mo 

— m  Indeed,  we  can  readily  show  that  all  the  Integral  representations 

(1-92)  to  (1-95)  and  the  radiating  near  field  formulas  (1-97)  and  (1-98)  still  hold  with  5, 

3*  i^o’  -mo  5  •  !r  •  !Se’  -m  ^®®P®®^Ively  and  with  W  and 

the  alternative  form  W  still  given  by  (1-99)  to  (1-103).  We  can  similarly  show  that  the  far- 

field  scattering  Is  given  by  (I-1D4)  and  (I-lll)wlth  E,  H,  K  ,  and  K  replaced 

scat  .scat  ~ 

by  E  ,  n  ,  K  ,  and  K  resjiectlvely.  (We  retain  the  notation  f  for  the  radiation 

vector  In  both  cases. )  It  should  be  noted  that  K  and  K  are  functions  of  f  and  linear 

functionals  of  the  functions  ZH  .{I  )  and  E  ,^(f  ). 

ot  ot 

We  now  have  a  complete  set  of  representations  In  which  the  effective  surface 
currents  on  the  scattering  body  act  as  the  sources  of  the  scattered  field.  These 
representations  hold  even  when  the  tangent  to  L  has  discontinuities,  because  the  result¬ 
ing  Infinities  In  and  are  Integrable  (See  Section  n  of  Reference  5). 

The  representations  also  hold  for  scattering  from  thin  cylindrical  sheets.  The 
path  L  In  this  case  Is  traced  In  one  direction  on  one  face  of  the  sheet  and  In  the  other 
direction  on  the  other  face,  enclosing  zero  area.  A  simpler  formulation  can  be  obtained, 
however,  by  using  the  same  equations  but  with  L  now  an  open  path  running  along  the 

/\  /N. 

sheet  from  one  edge  to  the  other  and  K  and  K  now  the  sum  of  the  effective  surface  currents 

e  m 

on  the  two  faces,  which  Is  proportional  to  the  Jump  In  tangential  field  across  the  sheet. 

Regardless  of  whether  Lis  of  finite  extent  or  extends  to  Infinity,  the  following 

principle  (  a  form  of  Huygens'  Principle)  holds; 

If  an  Incident  field  (  E  ,  H  )  produces  effective  surface  currents  (K  ,  K_) 
'—0—0'*^  e— m' 

on  the  surface  of  the  scattering  cylinder,  with  K .  and  having  the  expon- 
entlal  t-  dependence  of  (1-4),  and  If  Identical  surface  current  sources 
(Ke*  would  produce  a  radiated  field  (E  ,  H  )  In  the  absence  of  the 

6C&t  8C8.t 

scattering  cylinder  and  of  other  sources,  then  (E  ,  H  )  Is  the  scattered 
field  produced  by  (E^  ,  H^). 
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On  the  basis  of  this  principle^  wo  see  that  the  cooslderatlons  of  Section  1.2.5 
also  apply  to  scattered  fields. 

Now  lot  us  consider  a  pair  of  functions,  either  (l)approxl 

matlons  to  ^  ^  ;  or  (2)  contributions  to  K^,  K_  In  the  sense  that  ^  and  ^  are 

••6  ••in  *6  ^in  o  ^iii 

represented  as  sums  and  terms  In  these  sums;  or  (3)  approximations  to 

contributions.  Ihen  the  formulas  we  have  already  cited  can  be  used  to  calculate 
quantities  f  j,  and  which  are  the 

8C&(  8C8t  ^  8C&t 

corresponding  approximations  or  contributions  to  E  •  H  >  E  , 

^soat^  and  ^ .  For  example,  If  K  .  the  physical  optics 

—  “  "*0J.  ""mj 

contributions  to  K  •  •  then  H  ®^^  are  the  physical  optics  contributions 

—  e  — m  — j  -j 

to  the  scattered  field.  The  considerations  of  Section  1,2.6  apply  Individually 

to  each  contribution,  but  the  behavior  for  large  of  an  approximation 
or  contribution  may  not  be  the  same  as  that  of  the  true  field.  For  example,  in  the 

case  of  scattering  of  a  normally  Incident  plane  wave  from  an  Infinite  half-plane, 
the  radiation  vector  f  Is  not  defined  In  the  back-scatter  and  forward  -scatter  ^ 
directions.  However,  the  contribution corresponding  to  the  fringe  wave  current 
Is  defined  for  these  directions. 


1.3.2  THE  PERFECT  CONDUCTOR  CASE 


A  perfect  conductor  problem  Is  characterised  by  the  boundary  condition 

=  0  .  (1-118) 

By  applying  this  condition  and  (I->22),  we  find  that  the  boundary  conditions  on  £. 
and  at  L  are 

=  0  (1-119) 

and 


91^/ an  =  0.  (1-120) 

We  thus  obtain  two  uncoupled  scattering  problems  and  can  calculate  E^  and  In- 

A  scat 


dependently  of  each  other.  A  corollary  observation  Is  that  does  not  produce  any 

^  8C&t 

and  E^^  does  not  produce  any 


It  Is  convenient  to  represent  the  surface  current  and  the  scattered  field  as  the 
sum  of  a  term  which  depends  on  but  not  on  plus  a  term  which  depends  on 
but  not  on  H  .  These  two  terms  correspond  to  the  two  principal  polarizations  In  plane 
wave  scattering ;  dependence  Is  the  generalization  of  perpendicular  polarization  and  E^^^ 
dependence  of  parallel  polarization.  Thus  we  write 


(1-121) 


where 


^  I 


A 

t  +  K 


.  %  <  aw  c 

et  -  ef- 


(1-122) 


Is  a  function  of  and 

K'=K''t 

—  e  et  — 


(1-123) 

has  no  I  -component  follows  from  the  fact  that 

to  avoid  confusion 

with  the  dyadic  elements  of  Section  2.1,5. 


A  A  II 

Is  a  fimctlon  of  E  The  fact  that  K 
A  ,  ot  A  scat  ~® 

does  not  produce  any  .  We  use  superscripts  1  and 


From  (1-23  )  we  find 


(1-124) 
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mre  are,  however,  very  Important  sltuatlona  In  which  we  And  It  useful  to  represent 
Kg  In  terms  of  contributions  for  which  (M24)  does  not  hold.  Use  of  such 
contributions  leads  to  a  spurious  term,  spurious  In  the  sense  that  Its  sum 

over  all  contributions  Is  zero,  "nils  oomplloatton  arises,  for  example,  In  the  case 
of  a  wedge  with  one  face  Illuminated,  If  we  decompose  ^g^lnto  physical  optics 
and  fringe  wave  contributions.  (See  Section  2. 1. 6. ) 


In  light  of  this,  we  shall  consider  two  different  sets  of  formulas  for  perfect  conductor 
problems.  The  first  Is  valid  for  all  contributions  and  approximations  to  the  surface 
current  which  are  used  In  practice.  Tlie  second  Is  a  simplified  version  valid  for  the 
true  field  and  for  contributions  and  approximations  for  which  (1-124)  holds. 

In  perfect  conductor  problems,  we  never  use  non-zero  contributions  or  approxl- 

/s 

matlons  to  1^  and  we  always  use  contributions  or  approximations  with  ^  Independent 

of  “E  We  thus  find 
ot 


AS  cat 
^t 


f. 


dl 


^2 


gA^,4 


Ik. 


8G 

TP 


) 


(1-125) 


(1-126) 


The  expressions  for  and  are  readily  found  from  these 

formulas  and  we  shall  omit  them.  The  expressions  for  W  and  W  In  the 
various  scattering  formulas  simplify  to 


(1-127/ 


W  =  "  ZUyX  (u^xK^^)  . 

«Wi=(£-  n’)  ZK^^'  , 

A  Jj- 

*11  ■£•“»;  --rix'i'-a'^o/’  • 


(1-128) 

(1-129) 


and 


It  Is  convenient  to  Introduce  the  notation 
,  W=wt  +W^Uj| 

with 


(1-130) 


(1-131) 


W^=  (a.  d;)ZK^/u^4  ^  ZKj'u,,  , 

Wx  F  ZKi;-VH.x<£>*a’  ’ 

%  m  ^  ^^*^01’  >  • 


Using  these  expressions  for  W  and  W,  we  can  determine  £and  the  radiating  near-fleld 
region  values  of  on  '^®®^  by  the  usual  formulas.  Equations  (1-125)  to  (1-134)  are 
valid  for  all  contributions  and  approximations  used  In  practice. 

When  the  condition  (1-124)  holds,  (1-125)  simplifies  to 


iiscat 


E 


t 


TI^, 


et 


(1-136) 
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and  the  equation  for  VE.  simplifies  In  like  manner.  The  expressions  for  R 
and  VHj  do  not  simplify. 

The  most  Important  simplification  Is  that  of  W.  The  ’V^ross  term"  W  vanishes 

”  X 

and  thus  we  have 

t 

W  =  W  (1-136) 

Obvloxialy  this  Is  easier  to  work  with  than  W,  so  we  shall  not  even  consider  the  form 
which  W  takes.  *  *  * 

We  shall  now  consider  the  relationship  of  problems  with  0  to  equiva¬ 

lent  normal  Incidence  problems  wlbt  k  replaced  by  k  and  k^  set  to  zero.  In  doing  so, 
we  shall  restrict  consideration  to  fields  for  which  (1-124)  holds. 

We  begin  by  noting  that  the  surface  currents  are  functions  of  k  and  t  and  linear 
functionals  of  the  Incident  field.  Thus  we  can  write 

=  <■  )  I  (1-137) 


('  )  E„,  <<■  )  . 


(1-138) 


with  and  L  „  linear  integral  operators  which  convert  a  function  of  X '  Into  a  function 

of  f .  The  fact  that  ,  and  K  ''  depend  on  k  and  k,  only  In  the  combination  k  Is  a 

ex  et  t  • 

consequence  of  the  perfect  conductor  boundary  condition.  It  Is  a  very  Important  fact, 

because  It  enables  us  to  make  meaning^  comparisons  between  problems  with  the 
/s 

same  k  but  different  k  and  k^. 

We  shall  define  an  equivalent  normal  Incidence  problem  In  the  same  way  we  used 
In  Section  3. 3. 3  of  Reference  2,  where  the  definition  was  motivated  by  the  fact  that  It 
leads  to  equal  radar  cross-sections  for  the  original  and  equivalent  problems.  Under 
this  definition,  a  problem  with 

k,  =  0,  k  .  k,  .  0  (1-133) 

Is  the  equivalent  of  a  problem  with 

k,.0.  k.(C2.k2)*/2  _  E^(.0  .  (1-140) 
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If  the  solution  to  the  first  problem  Is 


wt.wjj,  (1-141) 


then  the  solution  to  the  second  problem  Is 


-,3  ir  '^Ei'-'  'i!^4'^^iE  ”iW  • 
1/2 

_  \ 


k  "  S 

^  A  ^  ^Ei-i 


(1-142) 


Similarly,  a  problem  with 

=  0,  k  =  k,  =  0 

Is  the  equivalent  of  a  problem  with 

\*0.  )'''"  .  H„,=  0  . 

If  the  solution  to  the  first  problem  Is 


(1-143) 


(1-144) 


e““'  =  E  ““  t  ,  h""  .  ig'".  Kg,t_ .  wT  »  W  ^  t  ,  0-145) 


then  the  solution  to  the  second  problem  Is 

i  4  •  a"'" '  Hep‘ 

W*4  W.E  ",<k.  V»).i-(|) 


1/2 


f  e  ® 
*EII  -  II 


(1-146) 


128 


Verification  of  these  equivalences  Is  straightforward.  It  Involves  use  of 
(1-126),  (1-136),  (1-22),  (1-23),  (1-132),  and  (1-104)  and  of  the  fact  that  (1-124) 
holds  separately  for  the  Incident  and  for  the  scattered  field. 

By  use  of  the  equivalence  concept,  we  can  replace  a  problem  Involving 
an  Incident  field  with  exponential  dependence  along  the  axis  by  two  uncoupled  problems, 
one  for  each  polarization,  involving  fields  with  =  0.  Conversely,  when  we 
solve  a  =  0  problem,  we  have  in  doing  so  effectively  solved  a  class  of  oblique  inci¬ 
dence  problems,  il  must  be  smphaslzed,  however,  that  the  equivalence  concept  is  a 
result  of  the  spcclsi  characteristics  of  perfect  conductor  problems,  not  a  general  rule 
for  scattering  problems. 

L3.3  PLANE  WAVE  INCIDENCE 

We  shall  now  consider  the  case  In  which  the  Incident  field  Is  a  homogeneous 
plane  wave  Incident  at  angle  (3^  =  ^  (see  Figure  1).  We  describe  such  a  plane  wave 

using  (2-3)  and  the  associated  definitions  of  Section  2.1. 1,  and  recall  that  an  alternative 
description  of  the  same  wave  Is  given  by  (1-1)  to  (1-3).  We  can  now  readily  verify 
that.  In  order  for  the  axial  variation  of  the  Incident  and  scattered  waves  to  match, 
we  must  have 


•  (1-147) 

and  thus  our  use  of  the  same  notation  (3  for  both  these  quantities  Is  Justified. 

We  have  already  noted  that  the  effective  surface  currents  are  linear  functions  of 
and  E^^.  These  In  turn  are  linear  functions  of  E  £_  for  plane  wave  Incidence.  Tlius 
It  follows  that  it  is  legitimate  to  relate  the  surface  currents  to  E  p  by  surface  current 
dyadlcs  as  Is  done  In  (2-27)  to  (2-29)  of  Section  2.1.3. 

The  general  expressions  for  the  scattered  field  now  become 


^scat 


-  Ej/d 


f  +  Ik  coe^a  ZG  t,  •  K  '  -  8in/3  Z  i'  *  Si  E?  <I-148) 
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A  A 

and  corresponding  expressions  ior  VEj  and  V(ZH^)  which  can  be  used  In 


(1-22)  and  (I-2S). 

For  the  radiating  near-fleld  region,  we  readily  obtain 
A8cat^j.^|yj^d<' GpW(k;/S,^j;k8ln^;a;<’)]  . 


(1-150) 


scat  Ilk 


/  di'G^u  (k.  kslii^.  a  )x  l^(k;/9,<^,;k8ln^5a;i’)]-  E..  (1-161) 
^  L  *» 


with  W  of  the  form 

W  =  -[zu  J.X  (u  ^  X  Kp')  +  «  r  =m’ 


W, 


11 


“l  ti  *  ^  *  '^iii  '^11.1  -II -li  * 


(1-162) 


Tlie  elements  of  ^  are 

W^,=(l-n')  +  cos^k;^^-  Sln/?(u^.  n’)  K^’,  j  \ 


J  =  1 ,  II  • 


(1-153) 


W„j*-(i-n')ft;^^j  +  cos /3 -  sin  3  (u^-  n')  ZK^^j) 
Alternatively,  W  con  be  replaced  by  W  with  elements 

W  .Ki-n’)  ZK^jj*.  +  cos/3  tan^^  K 

A  3  *"  ^ 


j  =i»i 


(1-164) 


The  e<»..tlone  <I-150)  and  (1-151)  are  the  J«mp.ng-ett  point  for  the  development  of  a 
dlffraotlon  ooefflolent  repre.entatlon  of  scattering  at  finite  range..  We  shall  not, 
however,  pursue  this  line  of  Investigation  here. 

We  also  readily  verify  that  the  far-fleld  scattering  Is  given  by  (2-19)  with  f  of 
the  two— component  form  (2—21)  and  given  by 


X=Eo;I72 


1 _ L  ll!^k/*df'exp|-lkcce/?^®-P'|w(k;/3,0^;k8ln^;|Jl;l')]*  t  •  (^“126) 

^cos/^  2(2't)^/2 
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For  far-fleld  work,  It  1b  convenient  to  proceed  as  In  (I-llO)  and  express  W  In  bjrms  of 
arguments  (3  and  0^  Instead  of  (k  sin  ft)  and  e  vVe  thus  have 

W  =  ^(k;/3;0j;/S.0g;  /’  )  (I-:56) 

and  similarly  for  W.  We  now  see  that  this  W  ^  Indeed  special  oases  tor  ft  ^  ^ 

-  /9  of  fhe  ^  and  W  defined  by  (2-30),  (2-31),  and  (2-33),  (The  notation  here  Is  a 
little  more  general  than  that  of  Section  2  In  that  we  use  an  arbitrary  real  wave  Imped* 
ance  Z  Instead  of  specifying  the  free  space  wave  Impedance  2^. )  FVirtherroore,  If  wi> 
define  the  diffraction  coefficient  d  as  In  (2-22)  to  (2-24),  we  find  from  (1-155)  that  d  Is 
Indeed  given  by  (2-32). 

To  verify  the  basic  symmetry  property  (2-34),  from  which  (2-35)  to  (2-37) 

A  RC&t 

follow,  we  first  note  that  replacing  ft  by  -ft  will  not  affect  the  sign  of  H  ,,  , 

A  8C)^t  ^ 

the  contribution  to  due  to  the  l-polarlzed  component  of  the  Incident 

field,  nor  the  sign  of  Then  (1-22)  and  (1-23)  tell  us  that  the  signs  of 

A^^scat  ^^^  scat  ^re  also  unchanged  but  the  signs  of  and  reverse. 

A  second  application  of  (1-22)  and  (1-23)  tells  us  that  and  reverse 

signs.  Vpon  replacing  the  fields  by  the  corresponding  surface  currents  (See 
(2-26C). ),  we  obtain  (2-34). 

Turning  to  the  perfect  conductor  problem,  we  confirm  from  (I-liQ  and  (1-123) 
that  K  and  k  are  zero,  as  stated  In  (2-38).  The  results  (2-39)  and  (2-41)  are 

obtained  from  the  equivalences  derived  In  Section  1.3.2.  The  result  (2*‘40)  follows 
from  (I-I24)  and  the  equivalences. 

As  In  Section  1,3.2,  we  have  two  different  sets  of  formulas  for  the  perfect 
conductor  problem,  the  first  valid  for  all  contributions  and  approxlmsitlons  used  In 
practice—  Including  those  for  which  (2-40)  does  not  hold— and  the  second  valid  tor 
the  true  field  and  for  contributions  and  approximations  which  satisfy  (2-40), 
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m  the  flMt  case,  (1-148)  and  (1-149)  reduce  to 
gsoat^.  «jb“^ 0-W’) 

K,;J- e  . 

„d.hBr,.r.oorr..po»dln*«p«..lo«.or  BBd 

be  u.ed  in  (1-22)  and  (1-23).  In  tie  radlatln*  nean-Ileld  rajlon,  (1-160)  and  (1-16  ) 


hold  with 


W  =w^  ♦)»,  u„e/  .  • 

1  -1-1*  * 

^=(a-  n')  ZK^U, 

W(|  II  =  CO®  ^  II  ’ 

A 

*  cos  B  -  flln  ^  (u  ^ •  n’ )  z  K  g  . 

W  .co8^  ZK^ti  ^  T?  ^elV  .* 


(1-169) 

(1-160) 

a-161) 

(1-162) 

(1-163) 

(1-164) 


1  «  «ar>tinn  T  3  2  wc  Teadllv  confirm  that  the 

From  these  formulas  and  the  equlvalenoee  of  Section  1. 3. 2,  we  rea  y  ^ 

From  these  10  w„ /9  i9t  <2-22>  and  (2-32)  with  W  and  W  given  by 

lar-fleid  scattering  Is  given  by  (2-19), (2  22),  ana  ^o.  -„d  f2-49) 

,  10  /2-52t  ard  (2-63).  The  expressions  (2-48;  and  (2-43) 

(2-42),  (2’’43),  l2-46),  (2"46),  (2  5*),  “'-  I 

for  the  dq  are  consequences  o(  the  results  for  Ijf. 

When  (2-40)  holds,  (1-157)  simplifies  to 


gflcat  ^  2  cos^/SjTdi'  G  K^J„  I* 


(1-165) 


I  n  4nv  vrF'  In  the  radiating  near -field  region 

and  there  Is  an  analogous  expression  for  VE^ 

and  In  the  far-tleld  region,  we  hsve 


,0  «  can  nan  (1-160),  (1-161),  (2-l»),  (2-22),  and  (2-32)  w(th 


(1-166) 


(1-167) 


W  =  . 

s  s  * 

Thl8  result  confirms  (2-47)  and  thus  (2-50).  It  Is  readily  verified  that  Is  given  by 
(2>44)  In  the  far  field,  b\it  In  practice  we  would  never  use  W  Instead  of  W  when  (2-40) 
holds. 
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LIST  OF  SYMBOLS 


(We  omit  dummy  variables,  quantities  which  appear  only  in  derivations, 
quantities  which  are  only  used  within  a  few  lines  of  where  they  are  defined,  and 
quantities  whldi  are  used  only  In  Section  IV.  which  Is  short  enou{d>  so  that  there  Is  no 
problem,  keeping  track  of  the  notation. ) 

A)  If  A  Is  a  scalar,  vector,  or  dyadic,  then 

A' ,  when  It  appears  under  an  Integral  sign,  signifies  A  taken  as  a 

hinctlon  of  the  Integration  variables.  There  Is  one  exception  to  this  rule, 
namely  v'g'. 

If  A  Is  a  complex  scalar,  vector,  or  dyadic,  then 
A  Is  the  complex  conjugate  of  A. 

Aj^  Is  the  real  part  of  A.  (Note:  There  Is  one  exception,  G^.  Also, 

R  as  a  subscript  on  the  real  scalars  ^  and  5  has  another  meaning. ) 

Aj  Is  the  Imaginary  part  of  A. 

If  A  Is  a  scalar,  vector,  or  dyadic  which  has  exponential  variation  along 
an  axle,  then  we  use  the  notation 

A  =  A  exp  { -Ikjt  I 

where 

t  Is  the  length  parameter  along  the  cylinder  axis. 
k|  Is  the  axial  wave  number  (See  Section  L2.1,  also  Sections 
2.1.2  and  1.1. ). 

A 

A  Is  Independent  of  t . 

If  A  Is  a  vector,  then 
Ay  =  ^  •  A 

At  =  i  •  A 

=  i*  <6  *  D  =  A  -  A^  ^ 

where 

^  Is  the  unit  vector  along  the  axis  of  a  cylinder,  which  can  be 

an  Infinite  length  cylinder  (See  Section  2. 1. 1. )  or  an  Incremental 
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length  cylinder  (See  Section  S,  1.1. ). 

^  Is  ttie  unit  tangent  to  the  cylinder  In  a  plane  normal  to  t 
(See  (2-1).). 

U  A  Is  a  dyadic,  then 


Axx  =  2.1  •  2.1 

Ai/  =  2.  ®  •  4  •  i 

A/i'l*A'e^ 

Am  =  2.1  •  ^*2.11 

Alt  =li  •  4*  1 

A/,,  -/•  4-  iJi 

Aiii  ®  H  *  4  *  5.1 

A|i/  =  2.n  *  i 

Atx  =  t*A-e^ 

A|iii  =2.1?  •  A-  eii* 

Aiit  =2.11  •  L 

where 

i  t  B  8 

e  e_||,  e  II  are  unit  polarization  vectors  defined  by 
(2-6),  (2-14),  and  (2-15). 

For  convenience,  we  sometimes  use  the  simpler  notation 
Aj^  Instead  of  Aj^x 
A II  Instead  of  A  h  h 
A^  Instead  of  A||x 

B)  Additional  subscripts  and  superscripts  which  have  specific  meanings: 

E  Indicates  a  quantity  obtained  from  the  equivalent  normal  Incidence  problem 
(See  Section  1.3.2. ). 

e  indicates  an  electric  current  or  related  quantity. 

I  Indicates  a  quantity  related  to  the  Incident  field. 

K  Indicates  a  quantity  for  use  In  Keller's  Geometrical  llieory  of  Diffraction 
(GTD). 

m  Indicates  a  magnetic  currant  or  related  quantity. 

PO  Indicates  the  physical  optics  contribution  to  a  quantity, 
s  Indicates  a  quan  Ity  related  to  the  scattered  field, 
scat  indicates  a  scattered  field, 

U  Indicates  the  fringe  wave  (Uflmtsev)  contribution  to  a  quantity, 
o  Indicates  an  Incident  field  or  a  current  source  dlst.  tbutlon. 
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+  lodloates  a  quantity  aasoclated  with  the  eurfoce  S^.  which  Interaeota 

the  surface  to  form  an  edge.  For  example,  d  la  die  oontrlbu- 

tlon  to  d.  from  the  current  on  . 
a  + 

-  Indicates  a  quantity  associated  with  the  surface  <See  ). 

C)  Other  symbols: 

b  IMtt  vector  normal  to  ^  and  n  ^  (See  (2-54)  and  Figure  3. ). 

C  An  edge  (See  Section  I  and  Figure  3. ). 
c  Speed  of  llf^t. 

D  Support  of  the  functions  K  K  ^  (See  Section  L 2.3. ). 

—  eo  —mo 

D  Three'-Dlmensioeal  Diffraction  Coefficient  (See  Section  3.1.1.). 

D  Value  of  D  calculated  by  assuming  currents  K  ,  K  on  a 

600  ““  IHOO 

cylinder  of  finite  length  (See  Section  3. 1.2. ). 
d^.  d^  Scalar  diffraction  coefficients  related  to  d  for  a  wedge  (See 
(2-80b). ). 

d^  ,  d  „  ,  dx  See  (A). 

dq^,  dq_  for  q  *  x ,  ||  ,  x ,  a,  b  Ck>ntrlbutlon  to  dq  from  the  current 
on  or  S^  respectively. 
d|*  Quantity  related  to  d(,j,  (See  (3-32),  (3-33). ). 

d,f/  Quantity  related  to  d,,^  (See  (3-42)  to  (3-46), ). 
d*  ,  dx**  Alternate  notation  for  d|^  ,  djjj  respectively. 

ii*  =  ^g)  fecremental  Length  Diffraction  Coefficient  (ILDC) 

(See  Section  in. );  also,  for  Two-Dimensional  Diffraction 

Coefficient  (2-D  DC)  (See  Section  IL  ). 
d  d  _  (Contributions  to  d  from  the  current  on  and  S__  respectively. 

d^^  Contribution  to  from  an  Incremental  length  element  of  a 
cylinder  (See  (3-8). ). 

dFj^  Radiation  vector  corresponding  to  dp^  (See  (3-7). ). 

,  fe||  (!!omponents  of  6  (See  (1-63). ), 

E  Electric  field. 

e  *  e  *  Unit  vectors  which  Indicate  the  directions  of  the  scattered 
8  l 

wave  (e  ^  )  and  the  Incident  wave  ("?.,.)  (See  Sections  2.1.1,  2,1.2, 


3.1.1.). 

-r’  -r  Unit  vectors  along  the  projeotlons  of  e®  and  e  ^  respectively 
onto  a  plane  normal  to  the  cylinder  axis  (See  (2-  (2-13). ). 

e  ^  Unit  vector  normal  to  ^  which  serves  as  an  azimuth  reference  (See 

Section  2. 1. 1. ).  For  the  wedge,  we  use  e  -  n  ^  (See  Figure  3. ). 

e  Unit  vector  normal  to  ^and  e  (See  Section  2*1.1. ). 

y  * 

— i*  — H  ’  — x‘  S.H  Polarization  vectors  for  the  scattered  and  Incident 
fields  (See  (2-5),  (2-14),  and  (2-15).). 

e_p  ,  o  p  Unit  tangent  vectors  normal  to  ^on  and  S_ respectively 
(See  (2-56)  and  Figure  3. ). 

F  Radiation  vector  for  a  three-dimensional  problem  (See  (3-2), 


(3-3). ). 

f ,  f  (V,  ^)  A  function  related  to  the  ILEDC  for  a  wedge  (See  (3-52), 

(3-56),  (3-57),  (3-60).). 

f^,  Values  of  f  for  the  arguments  (V^ ,  v^^)  and  (V_^ ,  \f/J  respectively 

(Sec  (3-55).). 

f^  Radiation  vector  for  an  Infinite  cylinder  problem  (See  (2-19), 

(2-22). ). 

G  Two-dimensional  scalar  Green's  function  (See  (1-29).). 

Gp,  Gp,G^  Approximations  to  G  (See  (1-39),  (1-44),  (I-46A). ). 

g.  g  (V,0)  A  function  related  to  the  ILEDC  for  a  wedge  (See  (3-53), 

(3-58),  (3-59).). 

g^,  Values  of  g  for  the  arguments  (V^,  0^)  and  (V__ ,  respectively 

(See  (3-55).). 

H  Hankel  function  of  first  kind  and  order  n. 

n 

H  Ms^etlc  field. 

h  (/3,.  /9_)  Quantity  related  to  d|M  (See  (3-26),  (3-29),  (3-32).). 

I  0 


1  P 

I 


Unit  dyadic  for  vectors  normal  to  ^  (See  (1-35). ). 

Square  root  of  -1;  exp  |  -iw  time  dependence  Is  used. 

Effective  electric  and  magnetic  surface  current  respectively  (See 

(2-26),  (2-26). ).  On  a  perfect  conductor,  K  Is  the  true  surface  current. 

^0 


a»  f  The  effective  surface  currents  on  an  Infinitely  long  cylinder 

*000  *  ITloO 

when  used  as  an  approximation  or  contribution  to  the  currents  on  a 
finite  or  Incremental  length  of  cylinder  (See  Section  3. 1.2. ). 
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K  K  ^  Electric  and  magnetic  volume  current  distributions  (See  3ectloo  1.2.3. ). 
— e  •“  m 

K  K  For  an  Infinite  length  cylinder,  the  contributions  to  K  Induced  by  the 
i>^larlzed  and  ux^larlzed  components  respectively  of  an  Incident 
wave  with  exponential  variation  along  the  cylinder  axis  (See  Section 
L3.2.). 

A  surface  current  dyadic,  either  eloctrlc  or  magnetic. 


5.+*  2.. 


S+.  s. 


Electric  and  magnetic  surface  current  dyadic?  respectively 
(See  (2-27). ). 

Wave  number. 

Axial  wave  number  (See  Section  L2.1,  also  Sections  2.1.2  and 

1. 1. ). 

Transverse  wave  number  (See  (1-18).). 

The  curve  normal  to  which  describes  the  cross  section  of 
a  cylinder  (See  Section  2. 1. 1  and  Figure  1. ). 

Length  parameter  along  L  (See  Section  2.1.1.). 

Unit  tangent  to  L  (See  (2-1), ). 

Unit  outward  normal  (See  Section  2. 1. 1. ). 

Unit  vector  which  bisects  the  wedge  angle  and  points  out  of  the 
wedge  (See  Section  2.2.1  and  Figure  3.). 

Unit  outward  normals  to  S^  and  S_  respectively  (See  (2-55). ). 

These  symbols  are  to  be  read  as  capital  rho.  Therefore  they  are 
Included  In  the  alphabetic  listing  of  Greek-letter  symbols. 
Polarization  vector  of  the  Incident  wave.  (See  Section  2. 1. 1. ). 
Distance  to  a  point  In  the  far-fleld  region.  For  a  three-dimensional 
body,  R  Is  measured  from  the  origin  (See  (3-1). ).  For  an  Infinite 
length  cylinder,  R  Is  measured  from  the  axis  along  the  unique 
scattered  ray  which  passes  through  the  far-fleld  point  (See  (2-10) 
and  Figure  2. ). 

Position  of  a  point  In  space. 

The  surface  of  a  three-dimensional  body. 

The  two  surfaces  which  Intersect  to  form  the  edge  C  (See  Section 
2. 2. 1  and  Figure  3. ). 


*7^  n  -  ue  *-*r.  ^ 


h)  (CA 


Complex  Poyntlng  vector  (See  (1-65).  )• 

Length  of  a  finite  cylinder  (See  Section  3. 1. 2. ). 

T  ^  Point  on  the  axis  of  an  Infinite  length  cylinder  from  which  a  scattered 

ray  appears  to  originate  (See  2. 10  and  Figure  2. ). 
i  Time. 

t  Length  parameter  along  the  cylinder  axis  (See  (2.2). ). 

£  Unit  vector  along  the  cylinder  axis  (See  Section  2. 1. 1. ). 

U.  U+.  Step  functions  (See  (2-102),  (2-103),  (3-67). ). 

u  Real  number  related  to  v  (See  (3-61). ). 

»  \L||  •  Complex  vectors  which  are  generalizations  of  e^^,  e^^j,  e_^ 

respectively  (See  Section  I.  2.  3.). 

V  Argument  of  the  functions  f  and  g  (See  Section  3. 2.1. ). 

,  V_  Values  of  V  corresponding  to  the  scattering  from  S_j^  and  S_ 

respectively  (See  (3-47),  (3-48). ). 

Vector  field  used  In  calculating  the  field  produced  by  a 

volume  distribution  of  current  sources  (See  Section  1.2.3. ). 

.  f  ,,  Quantities  used  In  calculating  the  field  produced  by  a 
00  i  oo  II 

line  source  (See  Section  1. 2. 3. ). 

V,  v^,  v_  Quantities  related  to  V,  V^,  V_  by  (3-50)  and  (3-51). 

“Vg  Quantity  related  to  f  and  g  (See  (3-62),  (3-53). ). 

Vg'  a  Vg/asA  (See  (3-54). ). 

Wii*,  W||i|*  Quantities  related  to  Wj^j^  and  W„,|  for  perfect  conductor 

case  (See  Section  3.1.5.).  (Note ;  Ihere  Is  no  dyadic  W  *. ) 

''^111**  Quantities  related  to  W  (See  Section  3. 1. 5. ).  (Note; 

There  are  no  dyadlcs  ^  •  or  W  ♦*. ) 

W  ,  W,  Surface  vector  quantities  used  In  calculating  the  field  produced 

by  a  surface  current  distribution  (See  Section  1.2.4. ). 
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W  ,  W  Dyadic  quantities  used  In  eatoulatlng  the  field  produced  by  a 

surface  current  distribution  <See  Section  2.1.3. ). 
w  Beal  number  related  to  v  <See  (3*51). ). 

X  Half  of  the  phase  difference  In  radians  between  far>fleld 

retxirns  from  the  two  ends  of  a  finite  cylinder  (See  Section  I, 

Section  3.1.2. ). 

Z  Wave  Impedance  of  a  medium. 

2^  Wave  Impedance  of  free  space. 

o  Interior  half-angle  of  a  wedge  (See  Section  2.2. 1  and  Figure  3. ). 

(Note:  o  Is  used  with  a  different  meaning  In  Section  4.2. ) 

/3  Used  Instead  of  A  and  /3  In  Appendix,  which  deals  only  with 

I  6 

cases  for  which  =/3j. 

/3j  Angle  describing  the  obliquity  of  e_^  to  the  cylinder  axis  (See 

(2-7)  and  Figure  1. ). 

(3  Angle  describing  the  obliquity  of  e  ®  to  the  cylinder  axis  (See 

(2-11)  and  Figure  1. ). 

Quantity  related  to  /3,  and  ^  (See  (3-34). ). 

8  b  X 

6(£)  The  EXrac  delta  function  for  appoint  singularity  at  P  =  0  In  a  two- 

dimensional  space  (See  (1-31).). 

A  e 

*R+’  ^8-’  *R-  angles  measured  from  to  each  of  the 

four  shadow  and  reflection  boundaries  (See  (2-71)  to  (2-74). ). 

6d  Measure  of  the  error  Introduced  when  d  (/3,;  -/3,)  Is  ajjproxlmated 

q  q  i  i 

by  dq  03^;/Sj)  (See  (3-17). ). 

6W  Quantity  related  to  dd  (See  Section  3. 1.4. ). 

Q  q 

(  Number  eoual  to  v  when  v  Is  real  (See  (3-51). ). 
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V  Wsdge  factor  (See  (2-58). ). 

P  Distance  from  P|  to  P  (See  (1-30). ). 

Radial  distance  from  the  cylinder  axis  to  a  point  In  die  far-fleld 
region  (See  (1-42). ). 

£  Projection  of  t_  onto  a  plane  normal  to  the  axis  (See  (2-2). ). 

P'  When  not  under  an  Integral  sign,  signifies  the  value  of  P  at 

a  source  point  (See  Section  L2.2. ). 

2  Unit  vector  pointing  from  P'  to  p  (See  (1-34). ). 

0-,  <f>.  Azimuth  angles  cf  ^  ®  and  ^  *  respectively  (See  Section  2. 1. 2 

and  Figure  1.). 

<p  Azimuth  angle  from  to'^®  (See  (2-75). ). 

SI  A  ^ 


The  azimuths  of  d>e  four  shadow  and  reflection 


boundaries  (See  Section  2.2.2. ). 


The  sum  (0,  +0  )  (See  (2-76).). 

I  B 

0  Angle  which  Is  argument  of  f  and  g  (See  Section  3.  2. 1. ). 


0^,  0^  Values  of  w  associated  with  the  scattering  from 
and  S_ respectively  (See  (3-47),  (3-48).). 


ui  Radian  frequency. 
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